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Abstract. Graph Neural Networks (GNNs) fundamentally lack the abil-
ity to capture structural properties defined by node self-interactions, such
as cycle counts, subgraph centrality, and heat kernel signatures. Exist-
ing solutions often rely on computationally expensive higher-order ar-
chitectures or hand-crafted features. In this work, we introduce DIAL, a
message-passing layer that gives nodes access to graph structure through
the diagonal of graph-derived operators. Our approach uses randomized
probing to provide nodes with learnable, permutation equivariant access
to diagonal entries. We prove that our approach can express important
structural features, including cycle counts, subgraph centrality, and heat
kernel signatures. The proposed method can be integrated directly into
message passing layers. Empirical evaluations demonstrate that this ap-
proach improves the structural expressivity of GNNs while being compu-
tationally efficient compared to higher-order baselines. Submission type:
novel research paper.
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1 Introduction

Graph Neural Networks (GNNs) have been successful in many applications. How-
ever, they are known to have limited expressive power, often failing to distinguish
basic structures or count fundamental motifs like cycles [28]. Higher-order GNN
architectures can partially address these limitations, but often at a significant
computational cost [21]. In practice, one often resorts to hand-crafted structural
features, such as cycle or motif counts [3]. While effective, this approach is brittle
and requires choosing the relevant structures in advance.

Many structural node properties that message passing fails to capture can
be described in terms of self-interactions of nodes. Intuitively, these interactions
quantify how information originating from a node flows through the graph and
returns to it. Standard GNNs cannot capture such patterns—for example closed
walk counts—as they require isolating information that originates from a node
and later returns to it. This concept naturally generalizes to subgraph centrality,
which characterizes a node’s global importance by weighing its closed walk par-
ticipation. In the spectral domain, Laplacian-based self-interactions cover graph
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Fig. 1. Message-passing view of Hutchinson’s diagonal estimator. We illustrate trian-
gle counting for all nodes simultaneously using random probes and ordinary message
passing. Left: The arrowed paths show a subset of length-3 messages received at vy
and v4. After propagation, node v observes (A3z), = ZU(AS)qu, which mixes self-
returning messages with messages originating elsewhere. Without identifying informa-
tion, standard message passing cannot isolate the diagonal term. Right: Hutchinson’s
estimator correlates the propagated value with the original probe z,. Since E[z,2,] = 0
for u # v and E[z2] = 1, the non-diagonal terms vanish in expectation, yielding
E[z,(A%2)y] = (A%)4,. For an adjacency matrix, this diagonal entry counts length-
3 closed walks at v, i.e., twice the number of triangles incident to v.

angles (Figure , as well as diffusion dynamics like the heat kernel signature,
which measures heat return rates over time.

Mathematically, these notions can all be expressed as functions of a Graph
Shift Operator (GSO) S, such as the adjacency matrix A or Laplacian L. Cru-
cially, all such node-level self-interactions correspond to the diagonal entries of
these GSO-derived operators M = f(S) € R"*". In practice, f is often ap-
proximated by low-degree polynomials of the GSO, M = Z,I:;Ol apS*. This
naturally aligns with message passing architectures, which implicitly compute
GSO polynomials through neighborhood aggregation. However, standard mes-
sage passing GNNs cannot express any of the self-interaction based structural
properties above. The aggregation mechanism mixes information from different
nodes, failing to isolate self-interactions.

Our key observation is that message passing algorithms can access diagonal
entries in a permutation equivariant way using a randomized probing mecha-
nism. With a stochastic approach based on the Hutchinson diagonal estimator
[13], nodes can efficiently approximate the diagonal of GSO powers, and hence
the diagonal of any graph-derived operator, through simple message passing
steps. This mechanism allows nodes to capture structural properties, such as
cycle counts, within a fully learnable framework, avoiding rigid hand-crafted
features and expensive higher-order architectures. See Figure [1| for an example
with counting triangles.
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The resulting architecture, which we call DTAL, can be integrated into any
standard GNN and is permutation equivariant in expectation. Adjusting the
number of random probes allows a trade-off between computational cost and es-
timation accuracy. We prove DIAL can express a variety of important structural
properties, including cycle counts, graph angles, subgraph centrality, and heat
kernel signatures.

Empirically, we evaluate DIAL on molecular property prediction on ZINC,
and on synthetic node-level pattern counting tasks. The results show that DIAL
is competitive with spectral and random-probe positional encoding methods on
ZINC, and improves over other random-probe methods on cycle counting while
remaining substantially cheaper than specialized subgraph and higher-order ar-
chitectures.

2 Preliminaries

A graph is denoted G = (V, E) with |V| = n. A graph shift operator (GSO) is a
matrix S € R"*"™. Common choices include the adjacency matrix A, normalized
adjacency D~Y/2AD~1/2, the Laplacian L = D — A, where D is the degree
matrix, or the normalized Laplacian. We consider message-passing layers of the
form

K—-1
X0 = a( 3 skx(H)Hff)), (1)
k=0

where ¢ is a nonlinearity and H,(f) are learnable weights. The parameter K
controls the maximum hop distance used for aggregation (specifically K — 1),
with K = 2 for typical GNNs such as GCN.

For the following we assume the graph is undirected, making the GSO sym-
metric. Let S = $AP~! be the eigendecomposition of the GSO S, where 4 =
diag(A1,...,A,) is the diagonal matrix of eigenvalues and & = [¢y,..., ¢, ] is
the matrix of eigenvectors. For symmetric GSOs (undirected graphs), @ is or-
thonormal, i.e. $~! = &7,

Each eigenvalue i defines an eigenspace £, spanned by the eigenvectors with
eigenvalue p. Let I, = {i : A; = p} denote the corresponding index set and let
&, € R 1] be the matrix whose columns are these eigenvectors. The projector
onto E, is P, = 45”455. These projections allow the GSO to be expressed as a
sum over eigenspaces: S =Y PPy where the sum is over distinct eigenvalues.

Graph angles describe how nodes relate to these eigenspaces. For a node v,
let e, denote its indicator vector. The graph angle of v with respect to E,, is

Zu(v) = (Bu)vw = ”Puev”2 = Z(d)z(v))2

iel,
The term graph angle comes from the geometric interpretation

(Pu)ow = COSQ(GUM), Ovp = Z(ey, Ey).
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Unlike individual eigenvector coordinates, graph angles are invariant to sign
changes and changes of basis inside eigenspaces.

Graph filters are operators of the form p(.S), where p : R — R is applied to
the GSO S. For symmetric GSOs, spectral filters can be written as

p(S) = ep(N)" =" p(p) P

A polynomial filter is the special case where p(u) = Zf;ol arpp®, equivalently

The linear propagation part of Equation naturally implements polynomial
filters of the GSO.

3 Related Work

Expressivity of GNNs. Standard message passing architectures are limited in
their expressiveness. In particular, they are at most as powerful as the Weisfeiler-
Leman test [28] in distinguishing non-isomorphic graphs. This limitation surfaces
in the inability of message-passing GNNs to count many basic substructures [5].
For example, standard GNNs cannot count triangles [21] or longer cycles, despite
the practical relevance of this information in several applications, such as molec-
ular property prediction [27]. From the perspective of this work, this limitation
stems from the fact that message passing aggregates information arriving from
neighboring nodes, but does not keep track of whom that information is origi-
nally coming from. Consequently, message passing cannot isolate self-interactions
such as cycles.

There have been many works proposing more expressive GNN architectures
[2TIRI5I22/26]. Higher-order GNNs operate on tuples of nodes, making richer
structural interactions available to the model [2I]. However, this comes at a
cost growing polynomially with the tuple order. Other approaches increase ex-
pressivity by explicitly augmenting node representations with counts of selected
substructures [3l5]. While effective, these methods require choosing the relevant
motifs in advance. In contrast to these approaches, our method exposes self-
interaction information through randomized diagonal estimation. This allows
a standard message passing backbone to access structural information without
higher-order tuples or preselecting a fixed set of motifs.

Random Features in GNNs. Random node features have been studied as a way to
overcome expressivity limitations in message passing [7JT23]. These works show
that random initialization can break node symmetries and increase expressive
power, with universality results in some settings [24]. However, this relies on the
model learning to use randomness as node identifiers, and the theoretical power
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does not directly provide stable, task-relevant structural quantities. Hence, more
direct uses of random features have been proposed [14UT5I10].

R-PEARL [15] introduces a randomized variant of a positional encoding
framework. While effective for PEs, its expressivity guarantees are limitedEI

Eliasof et al. [I0] use message passing with random features to learn po-
sitional encodings. They show that, combined with appropriate normalization,
random feature propagation simulates power iteration and subspace iteration.
This allows approximating the leading eigenvectors of the graph shift operator.
They also note that random features can be used to estimate cycle counts using
Hutchinson’s trace estimator[f] However, the focus of this work is on positional
encodings, and their analysis is based on what can be achieved in the limit. In
contrast, we focus on structural self-interactions and explicitly correlate propa-
gated signals with the input randomness. This correlation is essential: it yields
an unbiased estimator of diagonal entries in expectation and provides a stable
structural signal that can be learned from finite random probes.

Spectral Graph Theory and GNNs. Spectral approaches to graph learning are
rooted in spectral graph theory and graph signal processing [6]. Graph signal
processing interprets node features as signals on the graph and defines filters as
functions of a graph shift operator [25]. Classical spectral filters are typically
fixed or analytically chosen.

Spectral GNNs learn such filters from data. Early spectral GNNs imple-
mented filters directly in the Fourier basis, requiring an eigendecomposition [4].
ChebNet [§] introduced Chebyshev polynomial approximations. GCN can be
viewed as a first-order approximation of this spectral filtering perspective [16].
These methods apply graph-derived operators to node features, but the resulting
node representations do not explicitly expose the diagonal entries of those op-
erators. Our method complements spectral GNNs by showing how randomized
probing can make these diagonal entries accessible to message passing.

4 Main Tool: Diagonal Estimation via Message Passing

This section presents our main technical tool: a randomized technique to estimate
the diagonal entries of a matrix via message passing. It is based on Hutchinson’s
diagonal estimator [13], which is formalized in the next lemma:

Lemma 1. Let M € R"*"™. Let z € R™ be a random vector with i.i.d. Rademacher
entries (i.e., each entry is independently +1 or —1 with probability 1/2). Then

E[z ® (Mz)] = diag(M)

. . . . . 2
where © is the elementwise product. The variance of the ith entry is Zj# M.
3 The expressivity guarantees come mainly from [I4], which uses random features for
substructure counting. We defer a more detailed discussion to Appendix
4 We omit quantitative results for Random Feature Propagation because no public
implementation was available.
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Proof. The ith entry is E[2;(Mz);] = E[Y_; M;;z;z;]. Here, E[z;2;] = 0 for i # j
since E[z;] = 0 and z;, z; are independent, making all cross terms vanish. Thus,
only the j =i term remains, giving E[22]M;; = M;;. The variance calculation is
deferred to the appendix. O

In the context of GNNs, the matrix M can be the GSO or a matrix derived
from it, such as powers or spectral filters. Mz corresponds to a message passing
operation on the graph with input features z.

4.1 Warm-up: Cycle Counting via Diagonal Estimation

Consider a message passing model of the form
X0 = g(AXDW) (2)

Ignoring nonlinearities and weights, after k layers, we have X*) = A*X(©) We
illustrate how diagonal estimation can be used to compute cycle counts of the
graph:

Lemma 2. With a GNN in Equation [3 and uniformly random initial features
X0 ¢ {=1,1}", each node v can compute the number of closed walks of length
k starting and ending at v in expectation.

Proof. Initialize node features as independent Rademacher random variables,
z € {~1,1}". By Lemma [I} E[z ® (A*2)] = diag(A*). It is well known that
(A*),, counts the number of closed walks of length k starting and ending at
node v (see Lemmal[6)). O

4.2 DIAL: Diagonal Access Layer

Building on Lemma we propose the Diagonal Access Layer (DIAL), a stochas-
tic message-passing module that gives nodes access to structural quantities
through diagonal entries of graph-derived operators. DIAL is based on propa-
gating random features, and correlating the propagated probes with the original
random values. The technique is general and can be applied on directed and
undirected graphs for any GNN architecture.

Random probes For initial features, we sample a probe vector z € {—1,1}" with
i.i.d. Rademacher entries.

Probe propagation Let p(®) = z. DIAL’s main hyperparameter is &, the number
of layers from which diagonal estimates are formed. For k =1,..., K — 1, DIAL
propagates the probe features by

p® = 7Y (p1),

where 7'S(k) is a local propagation operator built from the GSO S. For example,

choosing TS(k)(p) = Sp gives p*) = S¥z. More generally, the stack of probe-
propagation layers may implement powers of the GSO or polynomial filters,
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such as those arising from the linear propagation part of Equation . Thus
each propagated probe state can be written as p*) = Mz for some graph-
derived operator Mj,.

Diagonal readout For each state k = 0, ..., K —1, DIAL forms a local correlation
with the original probe,
d® =z o p®),

where ® denotes the elementwise product. For every k, Lemma [I] gives
E {z ©) p(k)} = diag(My,).

Thus the K DIAL readouts expose structural signals corresponding to the diag-
onals of My, ..., Mg _;. For instance, if M}, = AF, these signals give closed-walk
counts up to length K — 1.

Aggregation In practice, we reduce variance by using r independent probes
z1) ... 2("). Equivalently, stacking them as Z = [z(),...,2("] € R™*" intro-
duces a sample dimension, and the same probe propagation is applied column-
wise to produce estimates D) € R"*". The state-wise estimates are then aggre-
gated across propagation depths and independent probes using a shared readout:

hPIAL — %Z MLP (][5, DY) € rto.
s=1

Averaging over r probes reduces the estimator variance at 1/r rate, while the
distribution of the probes makes the construction permutation equivariant in
expectation.

The resulting DIAL layer can be stacked with a standard message-passing
GNN by using hP™ directly as a structural node representation or concatenat-
ing it with ordinary node features,

HY = x; | WP

5 Structural Embeddings via Diagonal Estimation

Many classical node-level structural features, such as closed-walk counts and
centrality measures, can be expressed as node-wise statistics derived from linear
operators on the graph. In this section, we first show that DIAL gives nodes
access to diagonal entries of graph filters. This can be used to recover several
classical node quantities relevant for structural embeddings, including closed-
walk counts, subgraph centrality, heat kernel signatures and graph angles. We
also extend the diagonal estimation technique to off-diagonals for neighboring
nodes, which is useful for counting simple cycles. Proofs for this section are in

Appendix [B]



8 S. Peltonen et al.

Laplacian PE Graph angles

Fig. 2. Graph-angle structural encodings compared to Laplacian positional encodings.
Left: Laplacian PE represents node i by @;,., the row of eigenvector coordinates (in
practice only a subset). This captures relative position in the graph: nodes 0 and 1 are
close to each other so their encodings are similar, whereas nodes 4 and 5 are in different
components so their encodings can be very different. Right: graph angles represent
node i by ((Py;)ii)j—1, where u1, ..., uq are the distinct (Laplacian) eigenvalues. Graph
angles are an example of a structural encoding: unlike eigenvectors, graph angles assign
the same representation to automorphic nodes (such as 4 and 5). They are also invariant
to basis and sign choices.

5.1 Diagonals of Graph Filters

Recall that a polynomial filter of degree K — 1 can be expressed as
K—1
p(S) =Y arsS*
k=0

where S is a graph shift operator. With diagonalization, this can also be written
as p(S) = &p(A)@T, where p(A) = diag(p(A1), . .,p(A)). In particular, spectral
filters act independently on each eigenspace of S.

The linear propagation part of Equation (/1)) allows such filters to be applied in
message passing effectively. However, many relevant structural properties, such
as cycle counts, depend on self-interactions. Intuitively, this is encoded in the di-
agonal entries of p(S). The diagonal is not accessible via standard message pass-
ing, which aggregates information row-wise and cannot isolate self-interactions.
The following theorem shows that diagonal entries can be accessed in expectation
using DIAL:

Theorem 1. DIAL can compute node-wise statistics of the form

v = (p(5))v
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in expectation, where p is a polynomial filter of degree at most K—1. Equivalently,
DIAL can compute expressions of the form

v D g (@:(0))?

where A\; and ¢, are the eigenvalues and eigenvectors of the GSO, and g is any
polynomial function of degree at most K — 1. Moreover, multiple polynomial
filters can be expressed in parallel by increasing the (output) feature dimension.

5.2 Structural Quantities

The diagonal-filter view gives a compact way to recover several standard struc-
tural embeddings. We first focus on the quantities that can be expressed as
polynomials of the GSO.

Ezample: graph angles. Figure [2] illustrates the distinction between positional
and structural spectral encodings. Graph angles, defined in the preliminaries, are
a canonical example of diagonal spectral features. They describe how strongly
a node participates in an eigenspace through 2, (v) = (P,)vy. This differs from
eigenvector positional encodings, which assign nodes coordinates in selected
eigenvectors. While eigenvector coordinates are useful positional features, they
depend on sign choices and, for repeated eigenvalues, on an arbitrary basis for
the eigenspace. Graph angles instead summarize the whole eigenspace through
the projector P, making them intrinsic structural features.

Theorem 2. DIAL can compute the following node-level structural quantities
i expectation:

o Closed-walk counts. For every 1 <k < K —1,
V= (Ak)mn

gives the number of closed walks of length k starting and ending at v.
e Graph angles. For a Laplacian eigenspace E, with projector P,

v Z,(v) = (Pu)ows

can be computed, provided the eigenspace projector P, is represented by a
polynomial in L of degree at most K — 1. In particular, this holds if L has
at most K distinct eigenvalues.

Spectral quantities defined by exponential graph filters can be approximated
with polynomials of the GSO:

Theorem 3. DIAL can approximate the following node-level structural quanti-
ties in expectation:
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— Subgraph centrality. For SC(v) = (e*)y., if A is symmetric and || Al <
a, the degree-(K — 1) Taylor approzimation yields an estimate SC (v) sat-
isfying

= ek
EISTx(v)] - S00)| < <4
— Heat kernel signature. For HKS;(v) = (e7'f),,, if L is symmetric and

|IL|l2 < B, the degree-(K — 1) Taylor approxzimation yields an estimate
HKS; k (v) satisfying

o K
BIFRS, e (v)] ~ 1K, ()] < 0.

5.3 Neighbor Off-Diagonal Readout

Some structural quantities require off-diagonal entries of graph-derived opera-
tors. For example, the number of common neighbors of adjacent nodes v and v
is (A?),., which is useful for link prediction, and also appears in formulas for
counting simple cycles. The same random probing idea can estimate such en-
tries: nodes first share their original probe values with their neighbors, and after
{ layers of message propagation, each endpoint correlates the last layer state
with the original probe values of their neighbors.

Theorem 4. For each node v, DIAL can compute the multiset of off-diagonal
elements of p(S) over neighbors w € N(v):

{(P(9))vw : we N(v)}}

in expectation, where p is a polynomial filter of degree at most K — 1.

The proof is in Appendix [B]
Combined with closed-walk counts from Theorem [2] the off-diagonal estima-
tion from Theorem [4] can be used to express counts of simple cycles:

Theorem 5. A DIAL-augmented message-passing model can compute the num-
ber of simple cycles of length 3,4 and 5 at each node.

The proof of Theorem [5]is given in Section [C]

6 Experiments

We present initial empirical results in three settings: molecular property pre-
diction on ZINC, synthetic node-level cycle counting, and directed structural
pattern detection on synthetic multigraphs. These experiments test the useful-
ness of DIAL as a lightweight structural encoding, and its ability to recover
explicitly structural information in controlled settings. Our comparisons include
standard message-passing GNNs, hand-crafted cycle features, spectral positional
encodings, PEARL and other random-probe baselines, as well as subgraph and
higher-order architectures for cycle counting. Random Feature Propagation [10]
is a closely related baseline, but we omit it in the experiments because no public
implementation was available. Experimental details can be found in Appendix|[E]



Random Probing for Self-Interactions in GNNs 11

Table 1. PE-focused comparison of test MAE for logP prediction on ZINC. Lower
is better. The #PEs column reports the number of positional encodings used by PE-
based baselines; Full denotes the full spectral basis, and N/A denotes methods without
a fixed PE count.

Method #PEs Test MAE
GCN [16] N/A  0.469 4+ 0.002
GIN [28] N/A 0.209+0.018

GSN with cycles [3] 10 0.115£0.012
GIN + rand id [28§] 1 0.279 £ 0.023

SignNet-8S [17] 8 0.1034 +0.0056
SignNet [I7] Full 0.0853 + 0.0026
BasisNet-8S [I7] 8 0.1554+0.0048
BasisNet [17] Full 0.1555 + 0.0124
SPE-8S [11] 8 0.0736 = 0.0007
SPE [11] Full 0.0693 = 0.0040
R-PEARL [15] N/A  0.0699 £ 0.002
B-PEARL [I5] N/A  0.0644 £ 0.001
DIAL (K =1) N/A 0.0703 £ 0.0012
DIAL (K = 4) N/A 0.0658 4 0.0020
DIAL (K = 8) N/A 0.0733 & 0.0026
DIAL (K = 12) N/A 0.0752 4 0.0074

6.1 Results

Table [I] reports a PE-focused comparison on ZINC, with logP prediction evalu-
ated by test MAE. The non-DIAL entries follow the baseline set reported by [15].
Hence, the table should be read as a comparison to positional-encoding methods
rather than as a comprehensive ZINC leaderboard. DIAL performs comparably
to strong spectral and random-probe positional encoding methods.

Table [2] compares DIAL on node-level cycle counting. Methods designed
specifically to expose cycle information, such as subgraph and higher-order ar-
chitectures, achieve the lowest errors, but require substantially higher space or
time complexity. Among methods with comparable random-probe complexity,
DIAL improves over R-PEARL across all cycle lengths while retaining the same
asymptotic cost.

We further evaluate DIAL on a directed synthetic pattern-detection task of
Egressy et al. [9]. See Table [3| for the results. The task is node-level multi-label
classification: nodes are labeled by whether they participate in directed cycles
of length 2-6, scatter-gather motifs (S-G), or bicliques (B-C), following Altman
et al. [2].
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A Hutchinson’s Diagonal Estimator

Lemma 1. Let M € R™*™. Let z € R™ be a random vector with i.i.d. Rademacher
entries (i.e., each entry is independently +1 or —1 with probability 1/2). Then

Elz © (Mz)] = diag(M)
where ©® is the elementwise product. The variance of the ith entry is Zj# M?Z.

)

Proof. Note that E[z;] = 0, E[2?] = 1, and E[z;z;] = E[2;]E[z;] = 0 for i # j. Let
d; = z;(Mz);. Then E[d;] = E[Z] M;;z;z;] = M;; where the cross terms vanish
because E[z;z;] = 0 for i # j.

The variance is computed from Var(d;) = E[d?] — (E[d;])?. Here,

dzz = (Z MijZiZj)(Z M”27ZJ) = Z MijMikZiszZk = ZMijMiijZk
J J Jik Ik

because z? = 1. Taking the expectation, E[d?] = E { Dk MijMikzjzk} = M7,
since E[z;2¢] = 0 for j # k. Thus, Var(d;) = E[d}| — (E[d,])* = >°; M7 — M7, O
B Proofs for Section [

Theorem 1. DIAL can compute node-wise statistics of the form

v = (p(S))vw

in expectation, where p is a polynomial filter of degree at most K—1. Equivalently,
DIAL can compute expressions of the form

v D0 g (@:(0))?
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where A\; and @; are the eigenvalues and eigenvectors of the GSO, and g is any
polynomial function of degree at most K — 1. Moreover, multiple polynomial
filters can be expressed in parallel by increasing the (output) feature dimension.

Proof. Let p(S) = ZkK;Ol arS* be the target polynomial filter. Since the linear
propagation part of Equation represents polynomial graph filters of degree
K —1, the DIAL probe-propagation weights can learn the coefficients of p. Thus,
for a Rademacher probe z, the learned probe propagation can produce

p = p(9)z.
The DIAL readout then forms the node-wise correlation
zOp=z0p9)z.
Applying Lemma [I| with M = p(S) gives
Elz © p(S5)z] = diag(p(S)).

Hence node v obtains (p(S)),y in expectation.
For the equivalent spectral expression, write S = ®APT. Then p(S) =
&p(A)dT, and therefore

n

(P(S))ww = D PN (¢;(v))*.

i=1

Since p is an arbitrary polynomial of degree at most K — 1, this gives the stated
expression for any polynomial response g of that degree. Multiple polynomial
filters can be handled in parallel by using separate output channels for py, ..., pgq
and applying the same argument channel-wise. ad

Theorem 4. For each node v, DIAL can compute the multiset of off-diagonal
elements of p(S) over neighbors w € N(v):

{(@(5)vw : w e N(v)}}

in expectation, where p is a polynomial filter of degree at most K — 1.

Proof. Let M = p(S). Since the linear propagation part of Equation rep-
resents polynomial graph filters of degree K — 1, the DIAL probe-propagation
weights can learn the coefficients of p. Thus, after the corresponding probe-
propagation layer, the probe feature is

p¥ = Mz.

For the read-out, each node first sends its original probe value to its neighbors
(this is effectively done in the first layer). Thus node v receives the unordered
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multiset {{z,, : w € N(v)}}. Correlating each received probe with the propagated
probe value pg,é) gives the unordered multiset of estimates

RY = {{zupl) : w € N(v)}}.

For the analysis, label one incoming message by its sender w and write rfﬁg =

prgje). Since p,ﬁ’” = Zj M,;zj, we have

E[T%)J =E Z Mvjzwzj = Z MUjE[Zij] = Myw,
J J

because E[z,2;] = 0 for j # w and E[22] = 1. Therefore R estimates the
multiset {{M,,, : w € N(v)}} in expectation. Substituting M = p(S) gives the
claim. 0

B.1 Structural Quantities

The next proofs use a Lagrange polynomial, which is a construction for polyno-
mials of minimal degree interpolating a given set of points:

Lemma 3 (Lagrange interpolation polynomials). Given a set of k + 1
points {(z1,y1), .-, (Tkt+1, Y1)}, where x; # x;, there is a polynomial L(x) of
degree < k such that L(z;) =y; for all1 <i<k+1.

Proof. For each i, construct a polynomial ¢;(x) such that ¢;(z;) = 1 and ¢;(z;) =
0 for all j # 4. Such a polynomial is given by

T —T;
_ J
bi(z) = []
] T —Tj
JA11<j<k+1

since all factors are equal to one for ¢ = x;, and for © = x;,j # 4, (zr —z;)/(x; —
z;) = 0. Note that the degree of ¢;(x) is k. The polynomial L(x) is given by

S yili(2). o

Theorem 2. DIAL can compute the following node-level structural quantities
in expectation:

e Closed-walk counts. For every 1 <k < K —1,
v (Ak)m,,

gives the number of closed walks of length k starting and ending at v.
e Graph angles. For a Laplacian eigenspace E, with projector P,

U= 4#(”) = (PI—L)WJ?

can be computed, provided the eigenspace projector P, is represented by a
polynomial in L of degree at most K — 1. In particular, this holds if L has
at most K distinct eigenvalues.
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Proof. Closed walks: With the adjacency matrix A as the GSO, (A¥),, gives
the number of closed walks of length k starting and ending at v (Lemma @
This is the diagonal of the polynomial filter p(A) = A*  which has degree k.
Theorem [1] gives access to (A¥),, in expectation.

Graph angles: Use the Laplacian L as the GSO, and let 7y, ..., 7, be the
distinct eigenvalues of L. Fix an eigenvalue o € {n1,...,nm}. Let P, = @MSPZ be
the projector onto the eigenspace E,,, so that the graph angle is Z,,(v) = (P,,) -
By Lemma@ there is a polynomial p, of degree at most m — 1 such that

P (77)={1 T
g 0 nef{n,. ...nm}\{u

With this choice of polynomial,

PM(L) = Qspu(A)@T = Z d)zd)zT =P,

i€l

If the Laplacian has at most K distinct eigenvalues, then deg(p,) < m —1 <
K —1. Theorem [1| then gives access to diag(P,) in expectation, which is exactly
the vector of graph angles for E,,. ad

Theorem 3. DIAL can approximate the following node-level structural quanti-
ties in expectation:

— Subgraph centrality. For SC(v) = (e*),., if A is symmetric and ||Allz <
«, the degree-(K — 1) Taylor approzimation yields an estimate SCk (v) sat-
isfying

a K

[E[SCx (v)] — SCv)]| <

— Heat kernel signature. For HKS,(v) = (e7'f),,, if L is symmetric and
Ll < B, the degree-(K — 1) Taylor approxzimation yields an estimate

—

HKS; k (v) satisfying

(tB)*
Kl

IE[IKS,,  (v)] — HKS,(v)] <

Proof. For subgraph centrality, use the degree-(K — 1) Taylor polynomial
K-l r
pr—1(z) = ;O R
By Theorem |1} DIAL can compute an estimate SC (v) such that
E[SCx (v)] = (px-1(A))ur-
Since A is symmetric, write A = ®APT. Then

le? — pr—1(A)||2 = miax|€Ai —pr—1(A\)]-
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Taylor’s theorem gives

le* = pr_1 (V)| < for all |\ < o

Therefore

e“af

K!

E[SCk (v)] = SC(v)| = [(pr—1(A) — e*)un| < [[pr—1(A) — ez <

For the heat kernel signature at time ¢, use

K-1 (—ta)"
heg-1(z) =) T
r=0
Theorem |1| gives an estimate PTK\St,K(v) satisfying
E[HKSt,K(U)] = (ht’Kfl(L))m).

Since L is symmetric positive semidefinite, its eigenvalues satisfy 0 < \; < 3.
Taylor’s theorem applied to e* on x € [—t3,0] gives

—tx (8"
e —he k1 (N)] < % forall 0 <X < B.
As above,
—_— K
B[RS, ()] ~ HKS,(0)] < [l s (L) — el < 07

B.2 Simulating BasisNet

BasisNet [I7] computes functions of the projection matrices P,, = @uii)i. Per-
mutation equivariance requires that any such function ¢ satisfy

O(ITSPTITT) = M p(PPT)

for any permutation matrix II, since a permutation of the nodes permutes both
the rows and columns of the projection matrix. The class of functions with this
property is characterized in [20], and BasisNet instantiates ¢ using the Invariant
Graph Network (IGN) [19).

IGNs are a family of GNNs that operate on tensors of order k representing
k-tuples of nodes. [19] characterize all linear equivariant layers between such ten-
sors. In the setting of BasisNet, only a mized-order equivariant layer is needed,
mapping a matrix X € R"*" to node features Y € R"*?. The following opera-
tions can be shown to span the space of all linear layers of this type.
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— The diagonal operation: Y; = Xj;
Row-wise sum: Y; = 2?21 X

— Column-wise sum: Y; = 2?21 Xii

— Sum of all entries: Y; =377, >0 Xk
— Sum of diagonal entries: Y; = 2?21 X

Lemma 4. DIAL with a virtual node can simulate BasisNet.

Proof. From Theorem DIAL can compute diag(P,,) for each eigenspace. This
gives the diagonal operation. For a symmetric graph shift operator, the row-wise
and column-wise sums can be computed with z = 1 as the initial features. The
sum of all entries and sum of diagonal entries can be computed with the help of
a virtual node, by summing over the node features obtained from the previous

operations. a

The diagonal estimate is key to obtaining the diagonal operation, which is
not possible with standard message passing GNNs. The diagonal operation is
the most important one, as it is the only one not constant across nodes:

Lemma 5. Let L be the Laplacian matriz and Py = @,\éip be the projection
matriz to the eigenspace of eigenvalue A. Then, the diagonal operation is the
only non-constant operation among the five operations above when applied to
P.

Proof. The vector 1 is an eigenvector with eigenvalue 0, since L1 = 0. The row-
wise sums are zero for A # 0: P\1 = 0 since 1 is orthogonal to these eigenspaces
for any A # 0. The same holds for the column sums by symmetry. For the case
A =0, Pp1 = 1 since 1 is an eigenvector. Thus, the row-wise and column-wise
sums are constant across nodes in all cases.

The diagonal sum and total sum are constant across nodes by definition.
Note that the diagonal sum ) (Py);; is equal to the multiplicity of A, since
trace(Py) = trace(P{) = trace(®1 P,) = rank(P,). O

C Cycle Counting Proofs

The following lemma is a basic result in graph theory, which we include for
completeness.

Lemma 6. Let A be the adjacency matriz. (A¥),., gives the number of walks of
length exactly k from v to w.

Proof. By induction on k. The base case k = 1 is true by definition of the
adjacency matrix. Assume the claim holds for k. The number of walks of length
k+ 1 from v to w can be partitioned according to the node u visited at step k,
where © must be a neighbor of w. This is given by A* A:

(Ak+1)vw = Z(Ak)vuAuw

u
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Let Cy(v) denote the number of distinct simple undirected k-cycles containing
vertex v. Cj(v) = 0 for k < 2. Let C}/(v) denote the number of distinct simple
directed k-cycles containing vertex v. Note that C)’(v) = 2Cj(v) since each
undirected cycle can be traversed in two directions.

Lemma 7 (Triangles). For any vertez v, C3(v) = (A3)yy

Proof. Since there are no self-loops, any closed walk of length 3 is a simple
directed 3-cycle. O

Lemma 8 (4-cycles). C;'(v) = (A%),, — d(v)? +d(v) = > ) d(w)

weN (v

Proof. We count the number of closed walks of length 4 that are not simple
cycles, starting from v. Closed walks of length 4 which are not simple cycles
must revisit some node. This node can be v, meaning the walk must be of the
form v — 2 — v — y — v, which can be formed in d(v)? = ((A?),,)? ways. If the
revisited node is not v, the walk must be of the form v —x — y — z — v, which
can be formed in ) . N(v) d(w) ways. These cases overlap for paths of the form

v — 2 — v —x — v, of which there are d(v) = (42),, in total. O

Lemma 9 (5-cycles).

C5(0) = (A7) (20)(AM)0u+2 3 dW)(A2)ut D (A%)uu=5(A%)0).

uEN (v) uwEN (v)

Proof. The entry (A®),, counts all closed walks of length 5 starting and ending
at v. We subtract those that are not simple 5-cycles.

Every non-simple closed walk of length 5 in a simple graph consists of a
directed triangle together with a backtracking walk of the form =z —y — x. We
count such 5-walks in two cases.

First suppose that the triangle contains v. Let T}, be the set of undirected
triangles containing v,

T, = {{v,a,b} : {v,a},{a, b}, {b,v} € E}

Fix an undirected triangle {v, a,b}. There are two orientations. For one orienta-
tion, say
v—=a—b—w,

the backtracking walk can be inserted at one of the four positions v, a, b, v. Here,
the two occurrences of v are distinct, since the 5-walk is rooted at v. Thus, before
correcting overcounting, this gives

2(2d(v) + d(a) + d(b))

walks for the triangle {v, a,b}.

However, if the edge on the backtracking walk is one of the triangle edges,
the same walk is counted twice: once as a backtrack inserted at one endpoint
of the edge and once as a backtrack inserted at the other endpoint. For each
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orientation there are three such choices. Therefore the number of non-simple
closed 5-walks whose underlying triangle contains v is

> (4d(v) + 2d(a) + 2d(b) - 6),
{v,a,b}€T,

We now rewrite this expression in matrix form. First, since d(v) is indepen-
dent of the triangle,

Y 4d(v) = 4d()|T,| = 2d(v)(A%),,

{v,a,b}€T,

Second, consider the term involving the degrees of the two non-v vertices:

> (2d(a) + 2d(b)).

{v,a,b}€T,

We rewrite this by summing over neighbors u € N(v). A neighbor u appears as
one of the two non-v vertices in exactly as many triangles as there are common
neighbors of u and v. This number is (A?),,. Thus

> (2d(a)+2d(b) =2 > d(u)(A)u

{v,a,b}€T, u€N (v)

Finally,

> 6=06[T, =3(4%),..
{v,a,b}€T,

Combining the three identities gives
> (4d(v) +2d(a) + 2d(b) — 6) = 2d(0)(A%) 42 D d(u)(A?)uy—3(A%)y.
{v,a,b}€T, u€eN (v)

It remains to count the non-simple closed 5-walks whose triangle does not
contain v. Such a walk must have the form

v — u — (a directed triangle walk based at u) — v

for some u € N(v). The number of directed triangles through w is (A43),,,. Among
these, the directed triangles that also contain v are exactly those using the edge
{u,v}, and there are 2(A?),, of them. Therefore this case contributes

S (A% — 2(4)0)
u€EN (v)

The expression can be simplified using the fact that 3¢ n(,) (A%)uw = (A7)0
Hence, the second case contributes

72(A3)1)'U+ Z (As)uu

u€N (v)
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Adding the two cases, the number of non-simple closed 5-walks from v to
itself is

2d(0)(A%) 0 + 2 Z d(u)(A*) o + Z (A%)uu = 5(A%) .

uEN (v) u€N (v)

Subtracting these walks from all closed 5-walks gives the claimed formula. O

D Cycle Counting in [14] and [15]

Kanatsoulis and Ribeiro [14] study the substructure-counting power of GNNs un-
der random inputs. However, a key assumption in their analysis does not appear
to be satisfiable, which undermines the validity of the resulting guarantees. We
highlight this issue because the same assumption is directly reused in PEARL
[15], which is closely related to our method.

In more detail, the analysis in [I4] uses higher-order moments of random
variables. A core assumption is access to random variables with all moments
equal to 1:

We assume that they (x1,...,2x) are identically distributed and satisfy
Elz;] =0,E[z¥]=1fori=1,...,.Nandp>2€Z

While this assumption can hold for even moments (e.g. by taking Pr(z; = £1) =
1/2), it cannot hold simultaneously for odd moments:

Lemma 10. There does not exist a random variable X such that
E[X]=0,E[X? = 1,E[X?] = L,E[X*] =1
hold simultaneously.

Proof. Apply the Cauchy-Schwarz inequality (Theorem @ with A = X and
B=X2

E[X°]* < E[X?E[X]
Under the stated assumptions, both sides are 1, so equality holds. Equality in
Cauchy-Schwarz implies that X = cX? almost surely, for some constant c. This

implies that X (X — ¢) = 0 almost surely, so X is either 0 or ¢. This contradicts
E[X] =0 and E[X?] = 1. O

The Cauchy-Schwarz inequality is included below for convenience:

Theorem 6 (Cauchy-Schwarz inequality). For any two random variables
A, B, we have

[E[AB]]* < E[A*]E[B?]

where equality holds iff A = ¢B, for some constant c.
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E Experimental Details

We use the PEARL codebase [15] as the starting point, modifying the positional-
encoding module for DIAL. In the DIAL variants reported here, Hutchinson
correlations are applied at two levels inside the structural encoding module: first
after explicit graph-shift propagation of the random probes, and then again after
a number of learned GIN layers. The outputs of each layer are concatenated and
projected to the final node encoding.

For ZINC, the structural encoder uses r = 120 Rademacher probes, a 37-
dimensional output encoding, and an eight-layer GIN with hidden dimension
40. The resulting encoding is added to the initial node embeddings and passed
to the task GNN: four GINE layers with hidden dimension 128, additive graph
pooling, and a three-layer prediction MLP.

For the cycle counting task, we use the same DIAL structural encoder and no
additional base GNN. DIAL uses » = 120 Rademacher probes, a 37-dimensional
output encoding, and a six-layer GIN with hidden dimension 40. This encoding is
added to 64-dimensional node embeddings, and node-level predictions are made
directly with a two-layer MLP.

For directed pattern detection, we use synthetic directed multigraphs with
separate train, validation, and test graphs, each with 8192 nodes. Both R-
PEARL and DIAL are trained as node-level multi-label classifiers using = 120
random probes, K = 4, a 37-dimensional structural encoding, six learned GIN
layers with hidden dimension 40, and no additional downstream base GNN. Pre-
dictions are made from the resulting node embeddings with a two-layer MLP.
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