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Abstract. Message-passing graph neural networks (MPGNNs) dominate
modern graph learning. Typical efforts enhance MPGNN’s expressive
power by enriching the adjacency-based aggregation. In contrast, we
introduce a graph-level aggregation over walk incidence-based matrices
that are constructed to deliberately trade off some expressivity for stronger
and more structured inductive bias. This approach allows for gradual
scaling between classical message-passing and simpler methods based on
walks. Our second result characterizes the expressive power at each scale
using homomorphism counts over a hierarchy of generalized caterpillar
graphs. Based on these foundations, we propose Caterpillar GNNs that
substantially reduce the number of nodes in the hidden layers of the
computational graphs on real-world datasets. This gradual reduction
does not obstruct learning, enabling a systematic study of lower-order
expressivity. We further describe benchmark settings where a task-aligned
expressivity supports learning.

1 Introduction

Graphs are a powerful structure, capable of representing relational information
across various domains such as biology, chemistry, databases, or social sciences.
Unlike sequences or grids, graphs do not come with a fixed topology of com-
putation: the topology is part of the input. The established incorporation of
this variability relies on the inductive bias of (equivariant) message-passing
(MP) in graph neural networks (MPGNNS). Prior work has shown the limits of
MP in capturing structural biases [71} [49]. Consequently, MPGNNs may suffer
from restricted expressivity, leading to many extensions of MP. On the other
hand, MPGNNs may also fail to learn properly due to phenomena such as nodal
over-smoothing [52] and over-squashing [2].

Existing work has shown that MP aggregation causes a bottleneck, often
mitigated by modifying the graph topology [64] [I3]. We show that an alternative
walk incidence-based topology reveals another kind of bottleneck. Within this
topology, we construct a diagnostic benchmark to empirically uncover the conse-
quent limitation of MPGNNs. Surprisingly, the underlying dataset only consists
of small unlabeled acyclic graphs that seem nearly trivial to distinguish from an
expressivity standpoint.
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Fig. 1: Counting over either of the two depicted notions is exactly as expressive on
graphs. Left: A graph homomorphism ¢: F— G, where F' is a caterpillar graph.

Right: One of two occurrences of a colored walk w = brbg in the same graph G
with a coloring x according to vertex degrees.

In this work, we develop foundations for tools that can diagnose potentially
harmful effects of task-unaligned expressivity. Our starting point is an algebraic
definition of expressive power via homomorphism counts: choosing a graph class
F gives an invariant by counting homomorphisms to the input graph over graphs
in F. The expressivity of some MPGNN extensions can be characterized by
graph classes F that contain all trees, see On the other hand, turning
an invariant of F into a neural architecture requires identifying its concrete
characterization with a reasonably efficient representation, and understanding its
inductive bias. This helps explain why much progress has treated message-passing
as an equivariant baseline to be extended. In the limit, extending F from trees
upwards to all finite graphs yields the maximum equivariant expressivity, namely
graph isomorphism, as shown by Lovasz [40]. Our work answers the converse:
which inductive biases arise when F is restricted downwards—to strict subclasses
of trees?

To that end, we propose a suitable hier-
archy of generalized caterpillar graphs—trees
that yield a path after a bounded number of
leaf-removal rounds. One round of removing
all leaves defines folklore caterpillars. We com-
pletely characterize expressivity of this hier-
archy. In particular, for an input graph G,
counting homomorphisms to G over folklore
caterpillars is exactly as expressive as color-
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pillar hierarchy clarifies the notion of lower

expressivity, the number of colored walks grows exponentially in the worst case.
As a result, existing architectures process various sequential patterns in graphs
[63] [73], [8] by random-walk sampling, which sacrifices equivariance. In contrast,
our graph-level aggregation (GLA) is both tractable and equivariant, while offering
parametrizable expressivity. We instantiate GLA in Caterpillar GNNs enabling
a systematic study of learning on graphs under lower expressivity, given fixed
hyperparameters. Our main contributions are as follows.
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1. We introduce GLA (Section [3). We prove its tractability (Theorem [1)) and
desired expressivity (Theorem [4)). The challenge of its complete derivation and
proofs we address by developing techniques in automata theory (Section .

2. We characterize expressivity of GLA using a hierarchy of generalized caterpil-
lar graphs and its graph homomorphism counts (Section . For
this, we develop novel combinatorial arguments in graph theory (Section .

3. We incorporate GLA into Caterpillar GNNs (Section Eq. ), and
investigate its gradual scaling (Section . Using walk incidence-based
topology (Section , we illustrate how the optimal expressivity can be
important when its inductive bias aligns with the task.

Empirically, we illustrate dataset-specific tradeoffs between accuracy and nodal
efficiency of gradual lower-order expressivity of Caterpillar GNN on TUDataset.
Under practical conditions, GLA substantially reduces the number of nodes in
the hidden layers of the computational graphs on datasets from Open Graph
Benchmark [26], LRGB [16], ZINC [28], MoleculeNet [70], and MalNet-Tiny [19].

2 Preliminaries

Let G = (V, E) be an undirected graph with a finite vertex set V and an edge
set E < V2. Loops are not assumed, and an edge between u and v is denoted by
uv. The degree of a vertex u is deg(u) = [{v | wv in F}|, and n = |V|. A path is
a connected acyclic graph with vertices of degree at most two. We denote the
class of all paths by P, and by P, < P the subclass of paths of length at most ¢
where length means |F|. A tree is a connected acyclic graph. We denote by T
the class of all trees. By 7°, we mean the class of rooted trees, and by 7;> < T°,
the class where every vertex is at distance at most h from the root, that is, at
most h edges from a root (e.g. Diestel [I4] page 8]).

Multisets are represented using symbols {, and }. Let X, Y be sets, and
zin X, y in Y. The family of all multisets of elements from X is denoted by
NX. For a multiset m in N¥ | we access multiplicity of = by m[z]. For a vector
v in RX, we access its -th component by v[z]. For a matrix M in RX*Y (of
shape X x Y), we access its entries by M|z, y], rows by M [z] and columns by
M-, y]. Finally, the notation [k] stands for the set {1,2,...,k} for k € N. For
the graph G, we denote its adjacency matriz by A in RV*V that is, A[u,v] = 1if
wv in E and 0 otherwise. Its identity or self-loop matriz is denoted by I in RV >V
and the all-ones vector by 1 in RV *!.

MPGNNs. Throughout, we often represent graphs by matrices, for which we
adopt a specific notation. For a matrix M in R¥*Y features of d channels
h in RY*¢ and z in X, we define

mult(z, M, h) := {M[z,y] - h[y] | y in Y}
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Let hl(\% be features in RV * if given and 1 otherwise. Then MPGNN of L layers
is given for each u in V' and integer ¢ such that 0 < ¢ < L as follows

R{'V[u] = UPDATE (mult(u, I, h\S}), AGGR (mult(u, A,h{)))),
haie = READOUT (mult(0, 117, h{1)),

where we use mult to self-loop with I, to range over adjacent nodes with A of
shape V' x V and to collect all nodes with %IT of shape {0} x V. The functions
AGGR, UPDATE, and READOUT are specific to each layer. We omit their
indexing and learnable parameters.

Ezxpressivity and homomorphism counts. Let G denote the class of all graphs and
let f and g be two functions on G. Then the function f is at least as expressive as
g, denoted by f = g, if for every two graphs G and H holds that f(G) = f(H)
implies g(G) = g(H). Next, f is (ezactly) as expressive as g, denoted by f = g, if
f 2 g and g 3 f. Furthermore, f is (strictly) more expressive than g, denoted by
f 2 g, if f 2 g and f #£ g. The expressivity relation is a partial ordering on the
family of functions on G.

For a source graph F = (V;, Ey), a function ¢: V; — V is a graph ho-
momorphism F — G if every edge uv in E; implies edge p(u)p(v) in E. See
Figure 1| For a class of source graphs F < G, we define a (possibly infi-
nite) vector of homomorphism counts over F, denoted by hom(F,G) in N7,
as hom(F,G)[F] = |{¢ | ¢: F — G}| for all F' in F. Note that every class F € G
induces the function hom(F,—): G — N7, assigning hom(F,G) to the target
graph G. It always holds that F 2 F’ implies hom(F, —) = hom(F’, —).

Graph colorings and color refinement. A coloring x is a map that assigns specific
colors to the vertices. Formally, for each graph G = (V, E), we have a function
X(G,—): V — X’ where X’ denotes a color set. We say coloring x is a X'-coloring
on G if XY < X. A coloring example is the trivial coloring yi,iv, which assigns
0 to every vertex u of G, Xriv(G,u) = 0. Therefore, yiiv is a {0}-coloring on
every graph. Another “extreme” is the identity coloring xiq assigning identities
on vertices, xia(G,u) = u for vertex u, and thus xiq is a V-coloring on G. The
degree coloring Xdeg, assigns degree to every vertex in G, which can be written
as Xdeg(G, —) = deg(—).

A color refinement constructs a sequence of graph colorings: XEP)(G, u) =1,
and for all h > 0 and each u in V as Xg?H)(G,u) = (XgL)(G,u), {X((;?)(G,v) |
uv in E}) Secondly, it defines a sequence of functions on graphs cr®(G) =
{{ng)(G, u) | win V}; and, finally, the function on graphs: cr(G) = {cr(h)(G) |

h in N}. For instance, the first coloring is as expressive as the trivial: Xé?) (G,-) =

Xtriv(G, —), and the second exactly as the degree coloring: XE_}) (G, =) = Xdeg (G, —).
Let x be a X-coloring on G. A walk in G is a sequence of vertices v, v, ..., v;

such that v;v;41 in F for ¢ in [t — 1]. A special case is a path in G, which is a

walk with all vertices distinct. A colored walk is a word a = ajas . ..a; such that
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a; = xX(G,v;) in X for ¢ in [t]. At the same time, the sequence vy, va,...,v; is an
occurrence of a in G. See We say that vertex u is incident to colored
walk a if u = vy, and adjacent if uv, € E. We denote by X¢, resp. X’<! the set of
all words over X of length exactly ¢, resp. at most ¢; and by X* the set of all
words. Note that X0 = {\} where \ is the empty word.

3 Constructing Graph-Level Aggregation

This section introduces graph-level aggregation (GLA) and its instantiation in
Caterpillar GNNs. Although we start from colored walks, the main idea is to
avoid one-by-one sequential processing. For each length ¢, we collect colored-walk
statistics in a walk-incidence matrix W;. Since the number of possible colored
walks grows exponentially, we select a canonical linearly independent subset of
columns, yielding a reduced space of dimension at most linear in the number of
vertices of the graph. We then project and restrict the adjacency and identity
matrices onto consecutive layer-specific reduced spaces. The resulting matrices
form the layer-specific computational graph of GLA.

Part I formalizes the canonical reduction of colored-walk statistics, Part II
exploits this reduction to construct matrices defining GLA and its instantiation
in Caterpillar GNNs. Part III explains how a single height parameter h can
control the tradeoff between reduction and expressivity. Omitted proofs are given
in Section [Al

3.1 Part I: Sequential patterns

For tractable incorporation of lower-
order inductive biases, we improve a
way of processing sequential patterns
further motivated by Theorem [3|as an-
alyzed in Section [4] In the language
of colored walks, many successful ma- /O)/O
chine learning approaches first sample 2 0 )p

a tractable number of random walks
and then process the visited colors as
sequences with either kernels [0, [37]
or neural networks [63], [73] [8]. Our ap-
proach is a fundamental reversal of
these steps: given a prescribed colored Fig. 2: Top

walk, we count its oc?urrences. ored by Xdeg. Colors red, green and blue
Crucially, we consider a tractable depict degrees 1, 2 and 3, respectively.
and canonical subset of colored walks. Bottom: Walk incidence matrix W of

As shown later (Theorem 4), this ghapne 1 x £%. The entry W3, gb] equals

subset suffices to determine all other 2 since vertex 3 terminates two occur-

colorefi walks. In contrast to prior |ances of the colored walk gbin G.
sampling-heavy methods, we preserve

walk patterns

vertices in V
OO
-
-
(=]
-

: Graph G with vertices col-
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determinism, equivariance and intended expressivity. To formalize our reversal,
we relate vertices and colored walks using incidence matrix.

Walk incidences. For a given graph G with y a Y-coloring, and a given length
t > 0, we define the walk-incidence matriz W, of shape V x X for each w in V'
and a in X* by the entry

Wilu, a] (1)

that equals the number of occurrences of colored walk a terminating in vertex wu.
Each column W;[—,a] in NV < RY corresponds to a multiset of vertices incident
to colored walk a. For instance, the column Wi[—, ¢] coincides with vertices u
of color ¢ = x(G,u) in X. By convention, the empty walk is incident to every
vertex, Wy[u, A] = 1 for w in V. See the (infinite) matrix W = [Wy|Wq]-- -] of
shape V x X* in [Figure 2

Walk selection. The row dimension V of incidence matrices W; remains fixed,
while the column dimension X* grows exponentially in ¢. We avoid this growth
by selecting subsets of X%, such that the induced columns of W; form a basis
of the column space of W;. The definition proceeds inductively: So = {\} = XY,
and for known S, the set Sy € X**! satisfies the following conditions:

(i) for every ac in Si;q there is @ in S; (prefiz-closedness),

(ii) the columns of Wy, induced by Siy1 are linearly independent, and

(iii) the set Sii1 is lexicographically minimal among other sets satisfying [(1)| and
The last Condition together with Sy = {A} ensures uniqueness, making this
selection canonical. Condition [(ii)|implies the upper bound |S;| < rank(W;) < |V,
reducing the representation of potentially |V |* columns to at most |V|. Finally,
Condition allows for a time-efficient algorithm reminiscent of breadth-first
search with linear independence checking using matrix decomposition.

Theorem 1. Let x be a X'-coloring on a graph G with n vertices, and T in N
a limit then the canonical subsets (S;)1_, defined above are computable in time
O(Tn¥*€) for any e > 0 where w is the exponent of matrix multiplicationﬂ

Exponential colored-walk statistics can be compressed to at most linear
statistics. Three selection rules ensure that the compression agrees on graphs
with the same statistics, and that can be computed with the asymptotics of
graph spectra estimation via T" QR decompositions.

3.2 Part II: Reduced Matrices

Up to this point, we have considered walks as sequences processed one by one.
However, such a representation is inefficient, in particular because it ignores shared

1 As of 2026, w < 2.371339 [I]. For instance, we can assume that w 4 ¢ < 2.372.
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Fig. 3: Locking the adjacency matrix A of the graph G as in Matrix Bg
of shape V x S3 is a submatrix of W3 (of shape V x X?) induced by highlighted
columns, similarly, By and W, .

prefix structure, as is well-known from string-searching algorithms (e.g., suffix
trees [68]). To overcome this inefficiency, we organize walk-incidence statistics into
matrices, where selected colored walks correspond to columns and also rows. This
matrix formulation enables hierarchical aggregation of walk patterns, analogous
to how message passing (MP) aggregates over neighborhoods, but dropping the
assumption of repeating fixed neighborhood structure at each layer.

MP on graph G = (V, E) with n vertices consists of two steps: aggregation
via adjacency operator A and update via self-looping operator I both RV — RY.
We aim to deliberately restrict this repeating mechanism: informally, we lock the
corresponding vector space RY by projecting those operators into R%+1 — RS
of possibly lower dimension as implied by Condition |(ii)

For a X-coloring on G, and integer ¢t > 0, we denote by B; of shape V' x S
the submatrix of W; (of shape V' x X*) that keeps only the columns indexed by

St (see for an illustration). Condition guarantees that every matrix
B, is tractable and has full rank.

Graph-Level aggregation. Let M be a matrix of shape V x V', such as A or I
above, then a t-th reduced M -matriz CM of shape S; x Sy is defined as

cM - (B/B,)'B] M B, 2)

which solves the least-squares problem arg ming | ByC' — M By41 | . Informally,
the unique operator CM : R%+1— RS is the best approximation of M in the
basis indexed by canonical S;.

We call a graph-level aggregation (GLA) the collection of the first n reduced
adjacency and identity matrices into the graph invariant

Ir(G,x) = {(CA Ccl) o<t <n}. (3)

Since reduced matrices are indexed by colored walks, we compare Zr directly
across graphs. Its expressive power (Section [4) as the function on graphs Zg (—, x)
motivates the following model.
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Caterpillar GNNs. We now describe how reduced matrices are used across
L layers. Caterpillar GNN initializes with hg’)}lA(ac) = REDUCE(c, {},1) for
colored walk ac in Sp. Then, at each layer ¢ such that 0 < ¢ < L — 1 with
ty = L — ¢ and for each colored walk ac in S;, we have

hg;j) [ac] = REDUCE (c, mult(ac, C’tIZ , h(cfiAL AGGR (mult(ac7 C’t‘?, h(ch)))v

hcra = READOUT (mult(\, CL, b)), (4)

where the function REDUCE replaces the usual UPDATE and targets a colored
walk ac instead of a fixed vertex and requires color ¢ as an additional input. A

visual side-by-side comparison with the standard MP is given in

Reduced walk statistics provide the subspaces onto which message-passing
matrices are projected and restricted. Using these reduced matrices, GLA
defines its layer-specific computational graph. The simpler the initial statistics,

the smaller these matrices become.

3.3 Part III: Gradual Lower-Order Scaling

The vertex coloring x controls the
coarseness of distinguished colored
walks and thus governs the resulting in-
ductive bias of GLA. In our approach
to GLA, we utilize colorings of the
color refinement y = XE?), simplifying
the choice for end-users to the param-
eter h > 0 called height. To guide our
exploration, we analyze two extreme
cases: trivial coloring xi.iv and identity
coloring xiq-

Under xiiv, all vertices share the
same color 0. Thus, every walk of
length ¢ has color z; = 00---0 (con-
stant word of length ¢). Hence, every
set Sy collapses to the singleton of z;,
and computation over L layers col-
lapses to a linear sequence of length L.
The REDUCE function receives the
color 0 together with multisets of form
mult(z;, C, h) containing a single pair

Toxox o o

Fig.4: Comparison of computational
graphs (without self-loops): (GLA)
graph-level aggregation (ours), and (MP)
message-passing for the graph G and col-
oring Xdeg as given in (left).
Connections between layers are given
by (GLA) t-th reduced graph matrices;
(MP) copies of the adjacency matrix and
the global readout. For unit weights, we
omit labels. For illustration on a protein

graph, see Fig.

(m, h[z]), where m is a normalized count of plain walks (c.f., walk partition [9]).
Formally, we have:

Observation 2 Let xiv be the {0}-coloring on a graph G with at least one edge.
Then for every t = 0: (a) it holds that |S;| = 1; (b) the only entries, C¥[z;, z44+1]

1TA2t+11 and lTA21,+21

1T A2t1 1T A6 Tespectively.

and CA[zt, z441] are equal to
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When each vertex is assigned a distinct color under Y;q, every colored walk in
the graph has its unique occurrence. Hence, every set S; reaches the maximum
size |V|, with one colored walk per vertex. In this regime, the reduced matrices
coincide entry-wise with the original matrices. Moreover, if REDUCE ignores its
first parameter then GLA reaches semantically the classical MP.

Proposition 1. Let xiq be the V-coloring on a graph G = (V, E) with n vertices.
By v, ., we denote the (unique) word in S, with the last color uwin V. Then
for every t = 1: (a) it holds that |So| = 1, and |S¢| = |V|; (b) for entries
Clxu]l = L, and Cl vy, vig1,0] = I[u,v] and CA vy, vi41,0] = Alu,v].

The height parameter h controls the tradeoff between per-layer reduction and
expressivity. Smaller h yields smaller reduced layers, down to a single-node
layer weighted by plain walk counts at h = 0. Larger h preserves more of the
structural information, up to message passing.

4 Characterizing Expressivity of GLA using Caterpillar
Hierarchy

This section characterizes the expressivity of
GLA using graph homomorphism
counts, providing a scale of expressive power of
the associated lower-order inductive biases, see
Our two main results, Theorem [3] and
Theorem [4] established separately in the respec-
tive subsections, together give the vertical equiv-
alences. The last vertical equivalence involving
T is due to Dvoréak [I5, Theorem 7]. Note that
color refinement cr symbolizes message-passing
(MP). The strictness of horizontal bounds fol-
lows from Lemma[T4] adopting the recent results Fig. 5: Caterpillar graphs with
of [58, 59, K0]. We proceed with formal defini- highlighted (possible) spine
tions. (green). Graph F, is a path

_ . _ of length 6 and hence a (0, 6)-
Caterpillar graphs. A caterpillar of height at caterpillar. Graph F} is a (1, 6)-
most h and length at most t, or shortly (h,t)- ’

caterpillar is a graph F' constructable as fol-

FheP e F3eCs

caterpillar, and F3 is a (3,6)-

) caterpillar.
lows: take a sequence of rooted trees in 7,’,
ie, (Ly,s1),...,(Lt, s¢) and connect consecu-
tive roots with edges so that vertices s1, ss,...,s; form a path S. We call S a

spine, the rooted trees legs, and their sequence a leg sequence. We denote the
class of all caterpillars of height at most h by Cj,, and by Cj; the subclass of
(h, t)-caterpillars.

For instance, every caterpillar in Cy is a path, P = Cy, see examples in
The folklore caterpillars here correspond to C; and are often used in graph theory
[25, I7]. Another generalization of caterpillars via hair-length is due to [47].
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hom(P,—) Z hom(C;,—) Z--- & hom(Ch,—) Z--- & hom(T,—)
1 1 ll 1
IR(fa Xtriv) :‘l:t IR(_7 Xdeg) ;I% T ;‘::t IR(—, ng)) t=E Cr(f)

1
n

Fig. 6: Strictly separated lower-order expressivity hierarchy of graph-level aggre-
gations Zg along the height parameter h related to caterpillar graph classes
P=CcCc---cCc---T.

4.1 Homomorphism Counts over Caterpillars are as Expressive as
Colored Walks

Let x be a Y-coloring on a graph G with n vertices. We define a sequence of
multisets wr® (@, x) in NZ° for each ¢ > 0 with a in X as: wr® (G, y)[A\] =
n, wr® (G, x)[a] equals the number of occurrences of @ in G, and wr(G,x) =
{wr® (G, x) | t in N}.

Note that our colored walk refinement is distinct from what is usually called
walk refinement, i.e. [39]. The following result explains the importance of colored
walks, which is not ad hoc but rather structurally grounded.

Theorem 3. For every h,t > 0, it holds that hom(Cp ¢, —) = wr®) (—, XE?)).
(Proof in Section [B). A direct consequence of is: to capture the

expressive power of homomorphism counts over folklore caterpillars (for instance)
of length ¢, it suffices to color the vertices by their degrees and record every
occurrence of a colored walk of length ¢ by wr(®) (G, Xdeg) seefor example
of such a graph homomorphism.

4.2 Graph-Level Aggregation is as Expressive but Tractable

The previous result depicted more clearly the semantics of caterpillar homomor-
phisms, however, that is still not computationally tractable. As we observe, the
number of distinct colored walks in a graph can be large, exponential in the worst
case. Therefore, it is crucial that we introduce a more reduced but as expressive
representation of wr(—, x), which we state for any coloring of vertices.

Theorem 4. For every coloring x, it holds that wr(—,x) = Zr(—, x)-

(Proof in Section . Sketch of proof. Central to our arguments is that all the
colored walks occurring together in a graph G with a X-coloring x form a regular
language. As a consequence, rather than (naively) enumerating all elements of
the language, we construct an automaton A(G, x) recognizing such a language.
To reflect multiplicities of occurrences in the language, we use a weighted variant
of finite automata introduced by Tzeng [65].

The “3-direction” of the equivalence requires that Zg (G, x) derived from
A(G, x) depends purely on the recognized language and ordering on X' via the
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canonical walk selection (S in Section [3.1]). For the other “=-direction”, given two
automata recognizing distinct languages, subsequent matrices of Zg decompose
back to automata transitions (Lemma@ to detect the difference.

5 Experiments

We next turn to an empirical analysis of Caterpillar GNN (Equation 4f) incorpo-
rating graph-level aggregation (GLA). Because expressivity of GLA (Section

is controlled by its height, we propose experiments to empirically evaluate the
behavior of the resulting inductive bias. Two scenarios are considered:

(I) a controlled benchmark isolating topology-driven preference for stronger
task-aligned inductive bias, and

(IT) real-world graph-level tasks investigating the impact of height (Section
on the trade-off between nodal efficiency and performance.

We defer complete experimental details to Appendix [C] and the training setup
to Appendix [D] Table [] gives part of statistics of the computational graphs of
GLA and MP across large datasets.

MalNet-Tiny Peptides-func
features: 5 graphs: 5,000 features: 9 graphs: 15,535
avg. |V|: 1410.3 avg. |E|: 2859.9 avg. |V|: 150.9 avg. |E|: 307.3
layers: L = 8 (GCN™) layers: L =3 (GCN™)
edge density reduction | precomp. edge density reduction | precomp.
type | Ongl] abs.[+%] | %os.[+%] time[J] | Op3d] abs.[t%] | Ys.[t%] time [4]
Co 30.52 24.7 53.0 6.97h 1.634 15.4 61.4 8.2min
Cy 2.002 7.7 46.8 7.85h 1.634 15.4 61.4 9.9min
Co 1.500 6.4 41.4 9.63h 1.418 8.7 51.7 17.0min
Cs 1.516 6.3 37.8 10.39h | 1.416 5.9 39.5 24.4min
Cy 1.519 6.3 37.3 11.32h | 1.344 4.5 29.0 36.5min
Cs 1.519 6.3 37.3 10.93h | 1.350 3.9 20.9 50.9min
Cs 1.519 6.3 37.3 10.94h | 1.372 3.6 14.7 54.4min
MP | 1.000 0.8 0.0 - 1.000 2.1 0.0 -

Table 2: Density and nodal efficiency of computational graphs across large datasets.
By Cj, is denoted the (caterpillar height) parameter h in N of graph-level ag-
gregation (ours), while MP denotes the full message-passing GCN™T [43]. The
subcolumns correspond to relative density d;, 1, (lower is better) and absolute
density (higher is better once &y, 1, is bounded), see Section [C]for details. Columns
“%s.” denote percent of nodes of the computation graph reduced by GLA com-
paring to message-passing (MP).
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6 Related Work

Graph homomorphisms are an active area of research in graph learning. One
line of work uses homomorphism counts directly as features [3, [44], 29], or as
embeddings [51], [62]. Several extensions of MPGNNs formally demonstrate the
expressivity of homomorphism counts over classes extending beyond trees, listed
in including [74, 53]. Another line of work enhances expressivity without
relating to homomorphisms. This includes cycle representations [72, (4], path
representations [46] 22], distance encodings [38], [75], and spectral information
such as [I0] [36], which is in contrast to our study of lower expressivity.

In our results, we rely on theoretical study of homomorphism counts that
traces back to [40] 41, and their connection to Weisfeiler-Leman refinement [69],
which is due to [I5} [I1]. Further developments include quantum isomorphism via
homomorphisms over planar graphs [45], further expanded by [24] [3T], as well as
algorithmic results on the tractability of homomorphism indistinguishability over
restricted classes [60].

Learning on sequential patterns such as walks has also been approached via
non-equivariant random-walk kernels [0 B7]. Other work investigates slowing
down message-passing as a regularizing inductive bias [5]. Recently, the role of
the computational graph in deep learning has been explored [66]. In addition,
least squares-based operators have been applied to cross-network optimization
[67], or graph coarsening [30, [6I]. These operators target graphs at a different
level of abstraction, not considering layer-specific walk incidence matrices or
homomorphism counts.

7 Conclusion

We introduced a height-parameterized mechanism that scales the computational
graph of GNNs. The resulting Caterpillar GNNs expose a controlled trade-off:
lower heights yield condensed computational graphs, while higher heights recover
richer structural information. Empirically, this trade-off can improve accuracy
while substantially reducing computation, e.g., reducing computational nodes to
6% on unattributed IMDB-BINARY.

Theoretically, we characterize this trade-off through colored walks and ho-
momorphism counts over a hierarchy of generalized caterpillar graphs. Since the
mechanism is largely independent of implementation choices and significantly
reduces computational graphs for common graph-level datasets, it provides a
meaningful hyperparameter space for optimizing GNN expressivity. This space
can be explored in state-of-the-art backbones and ensembles, or used to diagnose
potentially harmful expressivity—inductive-bias mismatches. Currently, our results
concern undirected graphs, and their extension to directed or edge-labeled graphs
is an important direction for future work.
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Fig.7: (a) An example graph G on vertices {1,2,3,4,5} with a X-coloring ¥,
where ¥ = {r,b,g,y}. (b) The weighted automaton A(G, ) that accepts a
weighted language of words corresponding to colored walks in G (Lemma. The
weights of the language represent the number of occurrences of each walk in
G. Transitions corresponding to directed edges uv in E(G) are represented by
matrices M (x(u)1x(v)) = Py () APy (), while transitions corresponding to loops
at vertex u in V(@) are given by matrices M (x(u)) = Py(u) I Py(u)-

A Weighted Automata

In this section, we briefly recall the concept of weighted finite automata (cf. Tzeng
[65], Keifer [33]). Then, we apply insights from automata theory, using them as
a key technical tool to establish the results of Section [3] and from
Section [4l

[Theorem 41
Mhcorem sl Lenuna 9
_ =
wr(—, x) — [A(=2)1 Zr(=,X)
|
[Cemma6l
Section [AL1] Section [A3]

Fig. 8: Sections and establish the result of Theorem {4 for a coloring x
by relating the following three functions on graphs: Colored walk refinement
wr(—, x), semantics of graph walk automaton [A(—,x)], and the matrices of
graph-level aggregation Zg(—, x).

Automata. A weighted finite automaton, or here simply automaton, is a tuple

A=(Q, X, M, o,w), ()
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where @ is a finite set of states; X is a finite alphabet; M(—): ¥ — R®*@ is a
per-symbol mapping of transition matrices, a in R'*? is the initial state (row)
vector, and w in R2*! is the final state (column) vector.

Semantics. Given an automaton A = (Q, X, M, o, w), we extend the mapping
M: ¥ — RP*Q to words as follows: for a given word w = wyws ... ws in X*,
we define M (w) = M (w)M (ws) --- M (w;) € R*? and M()\) = I € RO*?
for the empty word A in X. The semantics of the automaton A is a function
[A]: Z* — R, interpreted as a formal series, defined by

[Al(w) = aM(w)w e R for all w in X*. (6)

Two automata A and A’ are equivalent if their semantics are equivalent, that
is, [A](w) = [A'](w) for all w in X*. The value [A](w) is called the weight of
w. For a symbol a in X, let a* denote the word formed by repeating a exactly
k-times.

A.1 Graph Walks and Automata Semantics

As in the main text, we assume a graph G and x a X-coloring on G, for which
we now define a weighted finite automaton A(G, x) = (Q, %, M,17,1) defined
as follows. The states are corresponding to the vertices of the graph Q = V(G),
and the alphabet is induced by the colors of the vertices and edges as follows:

2= {x(w) [ue V(G)} v {x(u)ix(v) | w e E(G)}, (7)

where we consider both a and alb as a single symbol in X, for some original
colors in a, b in X. For a in X, the partition matriz P, in RV*V is the diagonal
matrix defined as P,[u,u] = 1 if x(u) = a and 0 otherwise. For each symbol a or
alb in X, we define the transition matrices using the adjacency matrix of G and
the coloring-dependent partition matrices as

M(a) = P, = P,IP, in RV*V and M(alb) := P,AP, in RV*V,

We set the initial and final vectors to the all-one vectors. We depict an example
of a graph and a coloring and the corresponding automata in

We also recall the following from the main paper. For a given graph G with
X a X-coloring, and a given length ¢t > 0, we define the walk-incidence matrix
W, = W;(G, x) of shape V x X for each u in V and a in X by

W [u, a] is the number of occurrences of @ that terminate in vertex u. (8)
Colored walk refinement: Let x be a X-coloring on a graph G with n vertices.

We define a sequence of multisets wr® (G, x) in N¥' for each ¢ > 0 with @ in X7
as: Let x be a X-coloring on a graph G with n vertices. A colored walk refinement
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is a sequence of multisets wr®) (G, x) in N** defined for each ¢t > 0 with a in X*
as
wr@(G, )[A] = n,
wr®(G, x)[a]  equals the number of occurrences of @ in G, and
wr(G,x) = {wr?(G, x) | ¢ in N}.

The main result of this subsection is the equivalence of graph-induced weighted
finite automata and colored walk refinement.

Theorem 5. For every coloring x it holds that

[['A(_a X)H = Wr(_? X)'

An implication of is that instead of the sums of columns of walk-
incidence matrices, we can walk directly with the automata semantics, for which
we can choose the representation of the automaton potentially more suitable for
our application.

To prove this theorem, we need a couple of intermediate results. We first show
that the partition matrices P, are projection matrices.

Proposition 2 (Partition matrices). Let a and b be colors in X' then for the
partition matrices the following hold:

1. P, = P2 is a projection, and
2. P,P, is all-zero if a # b.

Proof. For the first part, we have for all u,v in V(G):

(PoPy)[u,v] = Z P, [u, w]P,[w,v] = Z 1- P[w,v] = 1-1,
weV(G) w=u

U=W=vV

which is 1 if v = v and 0 otherwise. Similarly, for the second part, given the
colors a,b in X we have for all u,v in V(G):

(P, Py)|u,v] = Z P,[u, w]Py[w,v] = Z 1 Py[w,v] = Z 1-1,

e a=x () a=x () x (1) =b

which is 1 if u = v and a = b, and 0 otherwise. Thus, P, P, is all-zero matrix if
a#b.

Observation 6 Let w in X be a word with a non-zero weight, [A(G, x)](w) > 0,
then w is of the following form:

(a¥*)(arlaz)(a5?) (az1as)(ak?) - - (ay' 3 ) (ay 5 1ag* ) (af),

where a; in X are colors, k; in N are non-negative integers,
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Proof. For the sake of contradiction, consider a word w that contains a subword
ablcin X, ¢ciba in X| or ab in X such that a # b and weight [A(G, x)](w) > 0.
In the first case, by the definition of semantics, we get for any w, ws in X*:

[A(G, )] (wiablcws) = 1T M (w1) M (a) M (blc) M (w2)1
=1"M(w,)P,P,AP.M (w,)1
= 1" M (w,)0M (ws)1 = 0,

where we used (1.) of Proposition [2] for the second equality. Thus, we have
[A(G, x)](wiablcwsy) = 0, and symmetrically [A(G, x)](wiclbawsy) = 0, and
analogically [A(G, x)](wiabws) = 0.

Lemma 1. For all tin N, a; in ¥ and k; in N for i in [t] the weight of the
following words is equal:

(af")(arlaz)(a5?) (azlaz)(a}?) - - (g7 ) (ag*y lag*)(af*), and

1.
2. (al\ag)(aglag) v (at_llat).

Proof. This follows from (1) of Proposition 2} Indeed, it suffices to observe that

?

M (a].“) =M (a;), and

M ((af) (@stain) (@f7)) = Pl Po AP, PEZ} = Po, AP,

Ait1~ @41

=M (ai\aiﬂ) .

i+1
Then, from the semantics of automata, the statement on the equal weights follows.

Therefore, by Lemma [l we can characterize the semantics of automata
A(G, x), using only words of the form as in Item [2] without loss of generality.

Consequently, by we shall use a more natural simplified notation
ailazlag---az—1las
for the word (aqlas)(azlas) - - (ai—1lat).
We now make the first connection between weighted automata and walk-

incidence matrices.

Lemma 2. Let G be a graph, x a X-coloring on G, and (wy,ws, ..., w;) in X*
a colored walk. Then the following holds:

M (wtlwt_ll e le) 1= Wt(G, X)[—,wl’u)g s ’LUt]. (9)

Proof. By induction on the length ¢. For the base case t = 0, it holds M (\)1 =
I1=1= WO(G7X)[_7A]
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For the induction step, suppose that the lemma holds for ¢. We take a word
wylwsal ... lweyr and consider a vertex u in V(G). Then,

(M (wiprlwgl ... lwy) D)[u] = (M (wepqlwg) M (welwe—11 ... lwy) 1) [u]

= Z M (wi11we) Wi (G, x)[v, wiws - - - wy]
veV(QG)

= Z Pwt+1 [u, 'LL]A[’U,7 U]PU)t [U, U]Wt(Ga X) [Uv wiwsg - -+

veV(G)

Z A[Uﬂu]Wt(G7X)[vawlw2 o ’wt]
veV (G)
wi1=X(v)
wy=x(u)

= Z Wt(G7 X)[u7w1w2 te 'wt]
weE(G)

x(v)=w¢
x(u)=wit1

= Wi 1 (G, x)[u, wiwz - - wig 1],

where the first and third equality follows from the definition of M, the second
from the induction hypothesis, the forth and fifth follows from the definition of

P, , and A. Finally, the last equation follows from the observation that we can

find every occurrence of the walk of color wyws - - - wsw; 1 ending in the vertex u,
given that y(u) = w41, as an occurrence of the walk of color wyws - - - w; ending
at one of its neighbors v, which is of color x(v) = w.

Theorem 7. Let G be a graph, x a X-coloring on G, and (wy,ws, ..., w;) in X*
a colored walk. Then the following holds:

[A(G, x)] (wlwp—11 ... lwy) = 2 WG, x)[u, wiws - - - wy]. (10)
ueV (G)

Proof. By the definition of semantics, we have:

[A(G, )] (welw_11 ... 1wy) = 1T M (wy lwsl . . . lwg)1
=17 (M (wylws! ... 1wy)) " 1
= 1" M (wilwe_11. .. 1wy)1
= 1"W,(G, X) [, wiws -+ - wy]

= Z Wt(G,X)[U,U)]U]Q o 'wt]a
ueV(QG)

where the second equality follows from the symmetry of all matrices M, since P,
and A are symmetric matrices, a € X, the fourth equality follows from Lemma

Proof of [Theorem )] Follows from by definition of colored walk

refinement. ]

wy]
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A.2 Minimization of Weighted Automata

In this subsection, we recall the definition of the minimal weighted automata (cf.
[33], [32]). Unlike for the standard finite automata, in the weighted case, the
concrete variant is unique only up the change of the basis of the vector space
R%. On the bright side, every such minimal weighted automata has the unique
dimension, that is the number of states |Q|, and the unique (canonical) word
subset S © X* of size at most |Q|. Also, the minimal weighted automata can be
computed in time O(n?®|X|).

In our case, the graph induced automata A(G, x) are completely symmetric
in the sense that [A(G,x)](wilwzl ... lw) = [A(G, x)](wilwi—1!---1wy) for
w; in X, but also in the sense of that the initial vector can be interchanged as
a' = w = 1, and similarly matrices M (a) = M (a)" and M (alb) = M (bla)T.
It follows that the forward and backward steps of the automata minimization
described are spanning the same vector space. And thus if there is a minimal
automata A; = (Q1, %, M,17,1) for the graph induced automata A(G, x), it
holds that there is a matrix of a full rank F' in RY*?1 such that for all @ in X:

1"F=1", 1=F1, FM,(a) = M(a)F, FM,(alb) = M(alb)F. (11)

In general, by e.g. Kiefer [32], if we have two minimal automata A; =
(Qi, ¥, M, ov;,w;) for i = 1,2, then there is an invertible matrix Q in R¥2*%1
such that for all a in X:

OZQQ =1, Wy = le, QMQ(CL) = Ml(a)Q, QMQ((Hb) = Ml(CHb)C)(.
12)

Inspired by the minimization procedure of weighed automata, also cf. Kiefer
[33], we propose a similar procedure layered canonical word search, see Algo-
rithm [I} to compute the canonical word subsets S;(G, x) for all ¢ in N, as given
in Section [3.1} The main distinction from the automata minimization algorithm
is that we keep separate queue, base, and the word subset for each layer ¢, and
thus we are ensuring linear independence for each layer ¢ separately.

We recall the Conditions given in Section The definition proceeds in-
ductively: So(G,x) = {\} = X9, and for known S;(G, x), the set S;,1(G,x) <
XL(G, ) satisfies the following:

(i) for every ac in Si4+1(G, x) there is a in Si(G, x) (prefiz-closedness),
(ii) the columns of W induced by S:11(G, x) are linearly independent, and
(iii) the set Si1+1(G, x) is lexicographically minimal among other sets satisfying

[ ana ]

Lemma 3 (Correctness). Let G be a graph, x a X-coloring on G then the
Algorithm computes the canonical word subsets Si(G, x), satisfying Conditions
(i), (ii), and (i), for all t in N.

Proof. We proceed by induction on t. It is observed that in the for-loop of the
algorithm ranging over ¢, we only add to the list S; and to the set B;, working
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Algorithm 1: Layered canonical word search
Input: Number of layers T', ordered alphabet (X, <), graph
G, coloring x
Output: So, S1,...Sr finite subsets of X*

1 fort<— 0 toT do

2 St <« @

3 B — &

4 queue Q¢ < []

5 Qo.push(X)

6 fort<— 0 toT do

7 while not Q:.empty() do

s w « Qupop()

9 v~ Wi(G, x)[—, w]

10 if rank (B; U {7}) > |B;| then
11 Bt «— Bt ) {’V}

12 St «— St ) {w}

13 if t < T then

14 foreach a in XY do
15 L L Qt41.push(wa)
16 return So, S1,...,ST

only with the elements from the queue @, and adding new elements to the queue
®:+1 based on the words we added to S;. For the base case ¢t = 0, the queue Qg
is initialized with the empty word A, for which Wy[—, A] is the all-one vector
1, and as the base By is empty and its rank 0. Thus, we have By = {1} and
So = {A}.

For the induction step, we assume that the algorithm computes S; and B;
correctly. In the beginning of the (¢ + 1)-th iteration, the queue @Q;+1 contains the
words of length ¢ + 1, of the form wa for all @ in X' and w in S, thus satisfying
the condition (i). If we add v = Wy 1[—, wa] to Biy1, and w to Sii1, then we
have rank(Bi11 U {7}) > |B+1], thus words in Si41 are satisfying condition (ii).
The last condition (iii) follows from the fact that always adding to Q¢4+1 possible
candidates by the foreach-loop over X in a lexicographical order, and we keep
the order while processing the queue.

Lemma 4 (Complexity). There is an implementation of Algorithm (1| that
for a given T in N, computes the canonical word subsets Sy, S2,...,ST, in time
O(Tn®), where n is the number of vertices in G.

Proof. 1. Quartic bound. We focus on the cost of an iteration of the for-loop over
t, the base case t = 0 is trivially O(|X| +n). The size of the queue @Q;41 is exactly
[S¢||X] < n|X|. For every word wa in Q41, we compute the corresponding vector
of walk incidence matrix W;[—, wa] in RV(%) from the vector W;[—, w] in for
the word w in S; as shown in the proof Lemma [2| by multiplying by matrix
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P, if t =1, and by P, A if t > 2. The expensive part of the algorithm is the
computation of the rank of B;y1 U {7}, this can be done in O(n?) time, if we
maintain the representation of the linearly independent vectors of B; in a row
echelon form. Thus, for a limit 7" in N, we have T iterations of the for-loop over
t, which has the complexity of O(|S¢||X| + |S¢|n? + |Si11]|X]) = O(n3|X]). And
finally, the total complexity of the algorithm is O(T'n3|X]). This yields O(Tn?)
using that | X| < n.

2. Cubic bound. To improve upon the above quartic bound, we further exploit
the structure of our transition matrices P, A and P,I. In each iteration over
t Partition matrices on the left side of A effectively zero out rows of vertices
that are not of color a. Therefore, instead of performing for a given base B
multiplication P, AB; for all ¢ in X', we only multiply by AB; and then choose
the row-submatrix A, of shape V, x V where V, = {u | v € V, x(u) = a}. To
that end, for each A, we select the first subset of independent columns for S;.
This is without loss on generality since the row partition (V,, u--- U Va‘ s =V)
gives orthogonal decomposition of the columns space. Using the row echelon form
technique as above, this accounts for O(n|V,|?) steps.

In total, we sum Y}, n|V,|? over all colors in X, and since n Y, [V,|? < n-n?,
we get an algorithm of complexity O(Tn?).

3. QR-bound. To obtain this bound, we focus on the linear dependence
queries that cost O(|V,|?) each. Instead of running a greedy loop over columns
for each A,, we use matrix decomposition.

Recall a general QR-decomposition of square and/or tall matrix X of
shape k x [ such that k£ > [. It computes a square matrix @ of shape k x k and
an upper-triangular matrix R of shape k x [ such that X = QR. Diagonal ¢ of
matrix R is a vector of length [, where §[j] = R[4, j] is zero if and only if the
j-th column of X is linearly dependent on the previous columns.

It remains to clarify usage of QR-decomposition in our case. Matrices A, of
shape V,, x V such that |V,| < n, are rather wide than tall. Therefore, we instead
apply the following iterative approach:

Initially, duplicate rows of A, to obtain matrix A((lo) of shape Va(o) x V, where
V% =V, w V,. Next, split columns of A" into mqg = [n/ |Va(0)|] square blocks
A(O)

METRRR A((L(Bno, padding the last one with zero columns if needed.

In the s-th step, compute QR-decompositon for each square matrix A((fz
independently, selecting its linear independent columns. Crucially, due to the
initial row duplication, rank(AS%) < %|Va(s)|7 hence obtaining at most %|Va(s)| of
(s)

0,20 +1 construct one

independent columns. From consecutive blocks Agf;i, and A
(s+1)
a !

square block A", containing at most 2 - %|Va(s)| selected independent columns

(padding rest with zeros if needed) of A((f,%, and Aflf%i, +1- This way, we obtain
mgy1 = ["5*] blocks with rows remaining duplicated for the (s + 1)-step.

Since the number of blocks mg halves after every step, after a finite number
of steps S, we obtain a single square block. Its final QR-decomposition gives the
lexicographically first column base marking the desired columns of A to obtain

B; 1. During this process we perform at most Zf:o ms = Zf:o[mO -27%] < 3myg
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decompositions. Each decomposition has cost O((2|V,])“*€), as shown by [12],
for any € > 0, where w < 3 is the exponent of matrix multiplication.

Finally, accounting for all row partitions and considering for a suitable constant
C, we have

S 3V ON@VOD <0 Y OVt <n - Ot < ot
acX aeX

Therefore, to obtain Byt from By, we perform O(n“*¢) operations and O(Tn“*¢)
in total.

Note that the last bound in the above proof of Lemma[d]is not only of theoret-
ical interest, but also practical one. The QR-decomposition is a standard building
block of many numerical libraries (e.g., LAPACK and SciPy), providing highly
optimized implementations are available. Moreover, splitting wide submatrix into
a batch of square blocks allows for highly parallel processing of the algorithm on
modern hardware architectures.

Theorem [1] Let x be a X-coloring on a graph G with n vertices, and T in N
a limit then the canonical subsets (S;)l_, (satisfying (i), (i), and (iii)), are
computable in time O(Tn**¢) for any e > 0 where w is the exponent of matriz
multiplication.

Proof. We use the Algorithm [T, which is correct by Lemma [3] and satifying the
time complexity by Lemma[4]

In the following part, we prove two statements from the end of Section [3} For
t = 0, we recall that the columns of matrix B; = B;(G, x) span the same space
as the columns of the walk incidence matrix Wi (G, x). The columns of B, are
indexed by the words in S;(G, x). Let us denote by z; = 00---0 a constant word
of length t.

Observation Let Xtriv e the {0}-coloring on a graph G with at least one
edge. Then for every t = 0: (a) it holds that |Si| = 1; (b) the only entries,
Cllzi, z141] = %, and C [z, ze41] = %~
Proof. The assumption that G has at least one (undirected) edge ensures that
the denominators are well defined. Indeed, G then contains at least one walk of
every length ¢, that is, 1T A%*1 > 1.

The first part (a) follows from the fact that the only word in Si(G, Xtriv) is
z¢, and thus every queue Q1 of the Algorithm [I| contains exactly the one word
z¢+1. Note that the only partition matrix P, = I.

For the second part (b), we follow the definition of the matrices C} and
0{4 in R{zt}x{zt+1};

CMlz, 241 =1CM17T = B MB,, =

= (P.AP,)'1)" M((P,AP,)""'1) =
(At1)+M(At+11) _
(Af1)TA'1) L. (A1) TMA'L =
=(17A%1)" 1. 1TA'M A,
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By setting M := I we obtain the result for the C}, and by M := A for the CA.

Proposition [1} Let xiq be the V-coloring on a graph G = (V, E) with n vertices.
By v, we denote the (unique) word in Sy with the last color win V. Then
for every t = 1: (a) it holds that |So| = 1, and |S¢| = |V|; (b) for entries
Ci\ul =L, and Cf [vy,u,vi41,0] = I[u,v] and CP vy, vis1,0] = Alu,v].

Proof. We denote the vertices V' by {u1,us,...,u,}, which here coincides with
the set of colors. To prove (a), we proceed by induction on ¢. For the base case
t = 0, we have trivially |So| = 1, as Sy = {A}. For the case t = 1, we have
S1 =V, since P,, = euiezi for u; in V, and furthermore, u;-th column of B;
is P,,1 = e,,, and thus we have B; = I. For, the induction step, we assume
that Sy = {vi, | v in V}. Since Wiyq[—, wu] = P, AW, [—, w], there is for each
© in V' a unique word wu in S¢;1, and the base By is also canonical, that it
B;1 = I. Thus, we have |S;1] = |V].

For the second part (b), we have C{ = 171B; = (171)7'171T = 117 Next,
fort >1and M in {A, I}, we get CM = B M B, 1 =I1"MI = M.

A.3 Constraints on Walk-Incidence Matrices

In the main text, we have noted that the matrices Wy (G, x) are not completely
arbitrary. We now show in detail, how the structure of the matrices W;(G, x)
is influenced by the weighted finite automata A(G,x). Suppose we have two
graphs G and H, and that the automata A(G, x) and A(H, x) are equivalent,
[A(G, x)] = [A(H, x)]. Then there is a minimal weighed automata .4; common
for A(G,x) and A(H, x). By [Equation 11| and [Equation 12| there are matrices
FG in RV(©xQ1 and FH in RV X@1 mapping automata induced by G and H
to the common minimal automata A;. Here, we denote the matrix between the
two automata A(G, x) and A(H, x) by the following:

F = (FC)(FH)T jn RYV(©@xVD),
Note that F1 = F¢(FH)T1 = F¢1 = 1, and similarly 1T F = 17,
Lemma 5. Using the notation above, we have for every t = 0:
Wi(G, x) = FW(H, X).

Proof. As the Y-coloring y is fixed, we write W& = W,(G,x) and WH =
W, (H, ). In addition, we denote the matrices of the first graph A%, P,
and similarly for the second graph A PH given that a in ¥. We proceed
by induction on ¢, proving the following statement for each word w in X*:
W -, w] = FWH[— w].

For ¢ = 0, from Lemma [2]it follows that

W[N] =1=F1=FWJ[- ).
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Moreover, using [Equation 11} for ¢ = 1, we get for any a in X
WE[—,a] = P°1 = P°F1 = FPH1 = FW[[- a].

For the induction step, we assume that the lemma holds for all words of length ¢.
We take a word wa of length t + 1, which denotes the last color of w by b. It
follows:

Wtcjrl[_7 wa’] = PU,GAGPbGWtG[_vw] =
— PCACPEFWH [ w] -
= FPT AT PIWH [ w] =
= FWtﬁl[*vwa]v

which finishes the proof.

Characterization of Reduced Matrices. We recall that for graph G and a coloring
X, the graph invariant of reduced matrices Zg (G, x) is defined as the set of pairs
of matrices

Ir(G,x) = {(CA Cl) |0 <t <n},
to state the following lemma:
Lemma 6. For any coloring x, we have Tr(—, %) E [A(—, x)]-

Proof. Suppose we have two graphs GG and H that are not distinguished by the
semantics of their induced automata. Then there is a matrix a F in RY(G)xV(H)
adjoining these two automata. Given a X-coloring x, and two graphs G, H we
have from the Lemma [5| that BE = FBJ for all t > 0. For M in {A, I}, we
have

CM(G,x) = (Bf) "M By}, = (B{)" M“FBi},

(BY)"FM"B[,, = (B{)*F (B (B{")*) M" B/,
(BY)*FB(B{)*M"Bi., = (BY)" (FB{") (B/)*M" B,
(BT (BY) (B)*M"B/L, = (B/)"M"B/,.

The final expression is equal to CM (H, x), which finishes the proof.

In the previous lemma, we have shown that the reduced matrices are invariant
under the equivalence of the automata. To state the other direction, we first give
a simpler lemma for x = xt;iv to illustrate the structure of the more general
lemma.

Lemma 7. Let xuiv be the trivial coloring, then Zr(—, Xtriv) 2 [A(—, Xtriv)]-
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Proof. As shown in the matrices CI(G, Xtriv) and C’tA(G7 Xtriv) are
of a single entry (17 A%11)7117 A%+11 and (17T A%'1)7117 A2+21, respectively.
We let the symbol a = 0, so that yiiv is the {a}-coloring on G. Note that
V(G)| =n = |Ir].

Next, the transition matrices of A(G, xtiv) are M(a) = P, = I, and
M (ala) = P,AP, = A, and generally for k-th repetition of a, M (al - - - la) = A*.
Thus, the semantics of the automata A(G, Xtriv) is determined by the formal
series given as a® — 1T A*1.

For simplicity, we define the following three functions for all m in N:

1TA2m+11 1TA2m+21
Jm) = AL i) = S 920m) = 7 gy
In the language of such notation, it is sufficient to show all values of f are
determined by values of function g1, go and single value n. Moreover, it is sufficient
to show values of f(k) for k < n, since for values k > n, we can apply Cayley-
Hamilton theorem and express A* using the powers of A up to n — 1.

We shall proceed by the following induction on k. For the base case k = 0,
we have f(0) = n. For the induction step, assume that the value f(k’) are
determined for each k' < k, we distinguished two cases: (a) k = 2] + 1 is odd,
and (b) k =20 + 2 is even.

For the odd case (a), we have f(k) = f(20 + 1) = f(2l)g1(I), and for the even
case (b), we have f(k) = f(21 + 2) = f(21)g2(l). Since f(21) is known from the
induction hypothesis, we can compute f(k) from f(2l) and g1(I) or g2(1).

Here, before we state a more general variant of Lemmal[7] for any coloring y, we
introduce the following notation. Let y be a X-coloring on a graph G, and Zr (G, x)
the invariant of reduced matrices CA(G, x), CL(G,x) in R%*%+1 for 0 < t < n.
Let a,bin X, and ¢ in N such that 0 < t < n, we define M;(a) in R%*5+1 by
setting

M,(a)[wia, wsa] = C{ (G, x)[wia, wza], (13)

for all wia in S¢, and wsa in S;1q and letting all other entries be zero. Similarly,
we define M;(alb) in R%*5+1 by setting

M, (alb)[w:a, weab] == CA(G, x)[w1a, woab], (14)
for all wia,woab in Sy and letting all other entries be zero.

Lemma 8. Let G be a graph and x a X-coloring on G. Then for all a,b in X
and each t in N it holds that

M,(a) = B} P,By;1, and M,(alb) = B P,AP,By.1,

where By = B(G, x).
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Proof. We start with the proof of the first identity. Let us fix ¢ in N, then

C/(G,x) = B} (¥, P.)Bis1 = ), Bf P.Bis1 = ) My(a). (15)
aeX aceX

On the other hand, since By[—, wia] = (P,B;)[—, w1a] for each wia in Sy, we
get for each wyx in S, and each wsoy in S;y1, that it holds

(B B;)'B] P,By1)[wiz,wyy] = (B} B;)"'B/ P] P,P,B,)[w,z, way],

from which it follows by Proposition [2| being zero if  # a or y # a. In conjunction
with Eq. , it follows that left-hand side and right-hand side coincide entry-wise
and thus M;(a) = B, P,B;,1. The latter identity, we show similarly by fixing
tin N,

C?(Gv X) = B;(Za,b PbAPa)BH-l
= Z B/ P,P,AP,P,B; , = Z M (alb). (16)

a,be X a,be X

Similarly, we have for each wix in Sy, and each way in Siyq,
(B} P,AP,B,,)[wz,wsy] = (B} P} P,AP,P,B,)[wz, wsy],

which is zero if x # a or y # b. In conjunction with Eq. , it follows that
left-hand side and right-hand side coincide entry-wise and thus M;(alb) =
B P,AP,B, ...

Lemma 9. For any coloring x, we have Zgr(—,x) 2 [A(—, x)]-

Proof. We first show that reduced matrices Zr = Zr (G, x), for some graph G,
encode a specific layered computation of minimal automata with the semantics
of A(G,x). A direct consequence of Lemma is that by selecting the entries of
reduced matrices in Zg as in Eq. and Eq. 7 we can obtain M;(a) and
M;(alb) for all a,b in X and where 0 <t < n.

From the size of Zr, we get n = |Zr| = |V (G)|. For aword w = wyws - - - w41 in XHL
we define the expression 7., (Zg) in RIM*St+1 as follows:

Y (Zr) = n - Mo (wq lwg) My (welws) - - - My(wilwgyq).

Next, we take B; = By(G,x) and M: X — RV*V the transition matrices of
A(G, x), it follows from Lemma [8| that

Yo(Ir) = nBf P,,AP,,B\B;} P,, AP, B,Bj --- P, AP,, B,
= nl*P, AP,, - P, AP, B,

=1"Mw)B;,,

t4+1

t+1

_ . —=t+1
where W = wylwsal -« lweyeq in X .
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We prove for every t, such that 0 < ¢ < n, that weight of any word w in ft,
[A(G, x)](w) = 17 M (w)1 can be expressed a linear combination of y-vectors
that depend only on Zg (G, x). We shall use the following notation, for the word

. . ~—m —
W = WiWs -+ Wy in X, we denote the word wylwsl - - - lw,y, in X by w, and
. . —m
the reverse words Wy, Wy, -+ -w; in 2™ by w’, and finally, Wy, |wy,—11- - lwy in ¥
by w'.

For the base case t = 0, we have w = A, and thus 17" M(\)1 = 171 = n,
which is equal to v, (Zr)1 = n1t1 = n.

In the induction step ¢ > 1, we distinguish two cases: (a) ¢ = 21 is even, and (b)
t = 21+ 1 is odd. For the even case (a), can write the given word as w = Wplalws,
for the suitable w, and aws in X'. Since the columns of W, = W/(G, x) are
spanned by the columns of By, there is a vector & in RS such that by Lemma
it holds that

M (alw,)1 = W[, wa] = Bz.

Note that the vector x is independent of the choice of the base of the transition
matrices M, as for any base-changing matrix F in RV *V(G) for some graph
H with Zr(H, x) = Ir, it holds Wi(H, x) = FW; = FB,x = B;(H, x)x. Next,
we obtain
1"M(w)1 =1"M(w,la - alw,)1

=1"M (w,la) M (a1w,)1

= 1TM(ﬁp|a)Bl:1: = ’)/EPM(IR).’B.
Similarly, for the odd case (b), we write W = Wpylalws, for the suitable w, in Xt

and aw, in X'*1. Analogically, we can find a vector  in R+ such that M (a|w,)1 =
Bi1x to obtain

1"M @)1 = 1" M (®W,la - a - alw,)1
=1"Mw,la)M (a)M (alw,)1
=1"M(wyla)M (a)B41
= Y, 1o IR)BiB] PBii1z = 755 |, (Ir) Mi(a)z.

]

Thus, Zr = Zr (G, x) determines the semantics of automata A(G, x). Moreover,
Ir(H, x) = Ir(G, x) implies S;(H, x) = S¢(G, x) for all 0 < t < n, and hence
the semantics of A(G, x) agrees with that of A(H, x).

Theorem {4} For every coloring x, it holds that Tr(—, x) = wr(—, x).
Proof. The proof follows from Lemma [9] and Lemma [6]

B Homomorphism Counts and Colored Walks

This section contains the proofs for the statements of Section We first
show that homomorphism counts from caterpillars C; into a given graph can be
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characterized by walk incidences with respect to the coloring xqes. Our initial
argument employs elementary techniques that are later generalized using methods
from quantum graphs [42] [15] and logic (cf. [27, [7, 23]).

Theorem Rl Theorem 3]
hom(Cy,¢, —) W"w(*v Xdeg) hom(Ch,¢, —) wr(®) (= ng))
- -
Proposition@ Proposition E

Fig. 9: Section 4] establishes the equivalence between homomorphism counts over
caterpillars and colored walk refinement with respect to (specific) colorings. First,
we focus on folklore caterpillars (left), and then we generalize to (h, t)-caterpillars
(right) in Section For every h,t > 0, we relate the following two functions on
graphs: homomorphism counts over (h, t)-caterpillars hom(Cp, +, —), and colored

walk refinement wr(®)(—, Xgl)).

We begin by proving two technical lemmas.

Lemma 10. For every integer t = 0 and natural numbers Dy, D1, Ds, ..., Dy
there are integral exponents s1,Ss ..., St such that Dy < 2°', and such that all
t-tuples of natural numbers (dy,ds, ..., d;) that satisfy 1 < d; < D; for i in [t],
are injectively represented by the product p = dj* - d3? -+ - - dj*.

Proof. We can instead take logarithm of p, since log is an injective function,
logyp = s1logy dy + -+ - + sy logy ds.

The values of are called log, d; in {log, 1,10g,2,...,logy(D; — 1)} digits for
i in [t]. We construct a positional numeral system with a heterogeneous basis
(i.e., 81,82, ...5¢) special for each digit’s position 7. Since the intervals of digits
at the i-th position are bounded by log, D;, we require to preserve the following
inequality

Si+1 > Z 10g2<D] — 1) 8.

j=1

To next meet the first condition Dy < 271, we set 5o := [logs Dg]. Furthermore,
we obtain s;1 =1+ 3", [logy(D; — 1)] - 5;. Finally, we define R;y; = logyp
to inductively evaluate the following expression

RH—I _ \\RH-IJ

1 i—1
logod; = — | R; — s;log, d; where R; =
82 Sz( ;0 77082 j) : Si+1 Si+1

for every [ in [t], and every i in [¢]. Therefore, the values s; are sufficient.
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Lemma 11. Let x be a m-tuple in Ns1 with mutually distinct elements, that
is x[i] # x[j] whenever i # j, and let m-tuples a, b in N™ be such that a # b,
that is a[i] # b[i] for existing i in [m]. Then there is k in N such that

ali]([i])* # ) blil(=[])". (17)

i=1

s

s
Il
—

Proof. Denote tuple a by (a1, as,...,ay), b by (b1,bs,...,by), and the tuple x
by (x1,x2,...,%m). For a contradiction, suppose that for all £ in N the equality
in holds. Let us choose the index j such that |a; — b;| > 0 and,
importantly, such that «; is maximal (such j exists only one since elements of &
are distinct). Let us define functions f and g as follows

SR = [(aj = b)ak], k) = | D (bi — an)ak]. (18)

i#]

As k — o0, the function f grows faster than the function g. Therefore, there
exists k such that f(k) > g(k), that is (a; —bj)z¥ > iy (bi— a;)x¥, which gives
us the contradiction.

In Proposition [3] we prove the formula for counting homomorphisms from the
class C; that uses the leg sequence (see Section |4 and of the caterpillar
graph. Next, a start graph is a rooted tree of height at most 1.

Given a (1, t)-caterpillar F' in C; 4, we associate its leg sequence (51, Sz, ..., St)
of star graphs S;, with the tuple sp = (|S1| — 1,|S2] — 1,...,|S:| — 1) in N*, so
that |S;] — 1 is the number of leaves of the i-th leg of F. In terms of folklore
caterpillars, the i-th entry of sp is exactly the number of one-edge legs attached
to the i-th vertex of the spine path. Importantly, every (1, ¢)-caterpillar graph F is
fully described and determined by sp. Furthermore, we recall that Wr(t)(G, Xdeg)
is the multiset of all colored walks of length ¢ in G.

Proposition 3. Let t in N, then for every graph G it holds

hom(Crs, G)[F] = > wr(w)- [ wli]*~, (19)
i=1

w in N*
for each F in Cy ¢ with sp in N*, where wr®® (w) = wr® (G, Xgeg) (w) for w in Nt

Proof. Given a colored walk w in N, consider its occurrence w = (u1, uz, . . ., u;)
in G. We denote the vertices of the spine of F' that correspond to sp by l1, 1, ..., ;.
Let ky be the number of graph homomorphisms ¢: F' — G, mapping the spine
of F to the occurrence u, that is, such that ¢(l;) = u; for each ¢ in [t].

Therefore, any two distinct homomorphisms contribute to k,, differ precisely
by their mapping of vertices outside the spine, namely, the leaves of the stair
graphs S; for ¢ in [t].
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Specifically, each leaf of S; can be mapped to any vertex in its neighborhood
N (u;), hence, we have exactly w[i] = degq(u;) choices. Because S; contains
sp[i] such leaves, there are w[i]*F[!l choices to map the legs of P; independently
of the other P; (j # i). Therefore, we have k,, = [[._, w[i]**[1,

Finally, we sum over all independent k,, as follows:

S ke 3 el 5w [Juf

win V(@)Y g iml win N =1

where in the second step, we distinguish occurrences w by their color w, next,
these occurrences are quantified by Wr(t)(w). Thus, we obtained an expression

equal to the left-hand side of
Theorem 8. For every t in N, it holds that wr' (—, xgeg) = hom(Cy ¢, —).

Proof. We first show wr(®) (—, Xdeg) = hom(Cy ¢, —). Suppose that wr) (G, Xdeg) =
wr) (H, X geg) for two given graphs G and H. Then by of Proposi-
tion [3| we have that hom(Cy ¢, G)[F| = hom(Cy ¢, H)[F] for every its graph entry
Fin Cl,t~

For the other direction, suppose that wr(® (G, Xdeg) 7 wr®) (H, Xdeg) for two
given G and H. For clarity, we use the shortcut mz = wr® (X, Xdeg) (w) for graph
X in {G, H}. Using this notation, there exists w’ in N* such that m$&, # m,.

Let n bound the number of vertices of G and H, then the maximum degree
of both graphs is at most n — 1. That means there is at most (n — 1)¢ plain walks
of length t in each graph, implying both

0<mS <(n—1)7" and 0<mi <(n—-1)"

Here, we use Lemma |10} applied on ¢-tuples w in [n —1]¢. We choose Dg = n!
and bound entries by D; = Dy = --- = Dy = n, to get injective representations
of tuples in [n]* x [n] x - - - x [n]. As a result, we obtain coefficients (s1, s2, ..., 5;)
such that the function

(my, w[1],w[2],...,w[t]) — my - w[l]** - w[2]** - w[t]*,

is injective provided that mg\ > 0 on both X in {G, H}.
In case either mG = 0 or m!l = 0, choose k = 1 as a multiplier of coefficients
(s$1,...,8¢) to satlsfy Eq. . dlrectly Otherwise, to find suitable k, we apply

Lemmau by setting vectors @, a,b in [n — 1] as follows:
1] = wi[1]°" - w;[2]°% - - - w;[t]*, ali] = m& b[i] = mH

w;) w;

where i is the index enumerating each w; in [n — 1]t
Since we assumed mS, # mil, it holds a # b and therefore by Lemma [11] we
can find a finite £ such that

S o (ITo) ¢ 8 ok ([Tt ) - o

we[n—1]* we[n—1]*
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Finally, there is a caterpillar F’ in C1; determined by sp = (s1k, 52k, ..., s;k),
and since both sides of Eq. can be rewritten by applying exponent k as
hom(Ci ¢, G)[F'] # hom(Cy ¢, H)[F'] by Proposition we obtain hom(Cy ¢, G) #
hom(Cl,t, H)

B.1 Quantum Graph Homomorphisms

In this subsection, we extend the proof of to the case of generalized
caterpillars Cp, ;. Similarly to the previous case in Proposition [3| where we counted
possible mappings of each leg of the folklore caterpillar, we can adapt a more
general approach by replacing star graphs with 1-labeled graphs. Finally, we
replace the counts of all possible mappings of star graphs by the homomorphism
counts of linear combinations of 1-labeled graphs, called quantum 1-labeled
graphs.

Labeled graphs. We follow the algebraic approach to quantum graphs by Lovész
[42], instantiating for the 1-labeled case. A 1-labeled graph, or simply labeled
graph, G* is a graph G with one distinguished vertex u in V(G), called a label,
denoted by lab(G*).

Let F* be a class of labeled graphs, F® in F* labeled, and G* another
labeled graph then we define vector hom(F*,G*) in N/ * entry-wise: each its entry
hom(F*, G*)[F*] is the number of graph homomorphisms ¢: V(G) — V(H) that,
moreover, preserve the label, i.e.,

o(lab(F*)) = lab(G*).

In cases where we need to explicitly indicate the labeled vertex of G*, we write
G for u = lab(G*) in V(G).

Next, a product G - G5 of two labeled graphs GY, G5 is the graph created by
identification of lab(GY) and lab(G$) in the disjoint union of G§ and G3.

A quantum graph is a formal linear combination of finitely many graphs.
A 1-labeled quantum graph, or simply labeled quantum graph, is a formal lin-
ear combination (with real coefficients) of finitely many 1-labeled graphs. The
homomorphism counting extends linearly to quantum graphs:

d d
hom(F*, G')[Z oziF;] = Z a; hom(F*, G*)[F;],
i=1 i=1
for the coefficients «; in R, and the 1-labeled graphs F; for i in [d].

Moreover, quantum graphs G, G5 can be naturally combined by sum, prod-
uct, and exponentiation operations. A sum G} + G35 is the sum of their linear
combinations. A product G} - G5 is the product of their linear combinations,
where we use the definition of the product of two labeled graphs. Finally, an
exponentiation (G3)* for an integer k > 1 is the k-fold product of G* with itself.
We will use a standard identity for 1-labeled, possibly quantum, graphs:

hom(F*, G*)[(F*)*] = (hom(F*,G*)[F*])* . (21)
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The following result is due to Cai et. al. [7]. Let Cz, denote the class of
formulas of two-variable first-order logic with counting quantifiers, where the
quantifier depth is bounded by h.

Theorem 9 (Cai et. al. [7, Theorem 5.2]). Let G*, H" be a pair of labeled
(h)

graphs and x¢&’ be a coloring for h in N. Then the following are equivalent:
(i) x&(Gu) = X&' (H,v),
(ZZ) (Gv u) =Can (va)'

The above result was followed by the work of [I5] stating that the homomorphism
counts of 1-labeled graphs are also equivalent to the first-order logic with counting
quantifiers.

Theorem 10 (Dvorak [I5, Theorem 7]). Let G*, H" be a pair of labeled
graphs, and let T, be the class of all 1-labeled trees of depth h Then the following
are equivalent

(Z) (Ga u) =Can (H,U),
(i1) hom(7,;*,G) = hom(7,*, H).

Proposition 4. Let h,t in N, and let G be a graph and Xﬁf’: V(G) - X(G)
a coloring For each color ¢ in X(G), choose a vertex uin V(G) such that
Xcr (G u) = ¢, and denote by G(c) the labeled graph G™. Then, it holds:

hom(Cp, G)[F] = Y] wr(G,x{)(w Hhom Ty, Gw[)[T7],  (22)

w in X°

for every F in C, ;, where (I7, Ty, ... T}Y) is a leg sequence of F' corresponding
to the spine (lab(Ty),lab(Ty), ... lab(T})).

Proof. Given a colored walk w in N, consider its occurrence w = (uy, ug, . .., us)
in G. Let k, be the number of homomorphisms ¢: V(F) — V(G) that map the
spine of F' to the occurrence u, that is, lab(7;) = u; for ¢ in [¢].

Specifically, for each u;, independently, there is exactly hom(7,’, G*)[T}]
ways to map the attached leg T, into G:

hom(Chs, G)[F1 = >, ku= Y []hom(Tr, G [17].  (23)

weV(Qy o opduence i1
Furthermore, by the theorems Theorem [9] and Theorem [I0] the number of tree
homomorphisms hom(7,?, G*)[T;] only depends on the color of u;, which is
& (G u;) = wli]. Indeed we get, hom(7,*, G*)[T?] = hom(T;®, G(w[i]))[T}].
Finally, reorganizing the sum in Eq. . ) to range over all possible colored walks
w in ¥* using the known multiplicities wr® (G, Xgl))(w), we obtain exactly the
expression on the right-hand side of Eq. .
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We also make use of the following result of [15], referred to as Lemma 6.

Proposition 5 (Dvoiak [15, Lemma 6]). For every formula 1(x) in Ca p,
there exists a quantum graph T* with its base in T,> such that

L if (Gou) (),
0, otherwise.

hom(T*,G") = {

We are prepared to restate and prove the main result of this section.
Theorem [3| For every h,t > 0, it holds that wr<t>(7,><£?)) = hom(Cp,+, —).

Proof. Following the structure of the proof of Theorem [§] we first show that
wr<t>(7,><£?)) 2 hom(Cp¢, —). Suppose that wr(®)(G, Xﬁ?)) = wr® (H, X&?’) for
two given graphs G and H. By Proposition [4| we have that hom(Cy ¢, G)[F] =
hom(Cp, ¢, H)[F] for every its graph entry F in Cp ;.

For the other direction, suppose that wr(®)(G, XE?)) # wr®) (H, Xﬁ?)) for two
given G and H. We want to proof the existence of a caterpillar in Cp, ; for which
the homomorphism counts differ. We denote the common finite set of colors given
by Xé?) in both graphs by ¥ = X (G) u ¥(H). Given a color ¢ in X', we select
a vertex v in V(G) u V(H) such that Xﬁi‘) (G',u) = ¢, where G’ is the disjoint
union of G and H. We denote G'* such that lab(G’*) = u by G'(c).

Additionally, for each color ¢ in X, there exists a formula 1) in Cs j, such that,
for every graph G and vertex u in V(G), we have (G, u) = 9.(z) if and only if
XE?) (G,u) = c. This follows from Claim 2 in the proof of Theorem 5.5.3 given
in [23]; see also [7l 27].

By Proposition [5} it follows that for each t.(x) there is a quantum graph 77
of depth at most h such that hom(T?, G*) = 1 if ¢.(x) holds and 0 otherwise.

We fix a linear order on X by {c1,co,...,¢,} = X, where p = |¥|. For each
color ¢; there is a quantum graph 77 corresponding to 1.,. We denote the
quantum graph obtained by the scalar multiplication by i as L2, = (i + 1) - T},
so that

i+ 1, if X((;?)(G, u) = ¢,

0, otherwise.

hom(7;7, G*)[Le,] = {

Let n bound the number of vertices of G and H, let mzs = wr(Y)(X, ng))(w)
for X in {G,H} and w in X*. We apply Lemma[10] with bounds Dy = n?, and
Dy =--- = Dy = p+2 to get injective representations of tuples in [n]* x [p +
2] x -+« x [p+ 2]. As a result, we obtain coefficients (s1, s2, ..., s¢) such that the
function

(m, wli],w[2],...,w[t]) » m} - H (hom(Ty;, G’(w[i]))[L;m])si

is injective provided that m > 0 on both X in {G, H}.



40 M. Cerny

Next, for each w = wyws...w; in X%, we construct a quantum caterpillar

graph F,, with a sequence of ¢ legs given by ((L3,,)*", (L3,)®, ..., (L)),
In case either mG = 0 or m = 0, choose k = 1 as a multlpher of coefHClents

($1,...,8¢) to satlsfy Eq. . dlrectly with FL given by Eq. (24). Otherwise, to
find sultable k, we apply Lemmau by setting x, a,b in [p + 2| as:

i = [ thom(T & DL al] = bl =

where i is the index enumerating each w; in [p+2]¢. As a result we get sufficiently
large exponent k distinguishing the expressions involving a and b. Specifically,
we consider the quantum caterpillar given by the spine

Ef o= ((Ly,) 5, (L), ., (L)), (24)

for which we obtain the following
hom(Ch.t, G)[F;] = (hom(Cht, G)[Fu])* (25)
# (hom(Cpe, H)[Fu))* = hom(Che, H)[Fyl,  (26)

where both equalities follow from Proposition [4f and the identity in Eq. .

Finally, because every quantum graph is a linear combination of non-quantum
ones, it follows immediately that there exists at least one non-quantum caterpillar
graph F” in Cp, ; in the base of F¥ for which

hom(Ch.+, G)[F'] # hom(Cp ¢, H)[F'].
Corollary 1. For every h = 0 it holds that wr(—, xé?)) = hom(Cp, —).

Proof. Tt follows from Theorem |§| and the fact that Cj, is a superclass of Cy, ; for
t in N.

() (b)

Fig. 10: An example of a pair of graphs G and H that strictly separates the graph
functions hom(Cy, —) and hom(Cy, —). Note that the graph H can be derived
from G by removing the edges {0, 8} and {1, 9}, and then adding the edges {0, 1}
and {8,9}.
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B.2 Strict separation

For a strict separation, we define closure under disjoint unions of generalized
caterpillar graphs in order to apply existing theory on minor-closed classes.
Formally, let G = (V,E) be a graph and let e = uv in E be an edge. The
contraction of e in G is a graph G/e with removed e and identified vertices u
and v. Graph G,, is a minor of G if it can be obtained by a sequence of edge
deletions, vertex deletions and edge contractions from G.

A class of graphs C is minor-closed if for every G in C and every minor G’ of G,
we have G’ in C. We denote by Cj; the closure of Cp,+ under finite disjoint unions,
that is, C,‘j,t O Ch,y and if (V4, E4), (Va, E2) in C,‘;t then (Vi uVa, F1uEs) in C,‘j’t.
Analogicall, we denote by C}; the closure of C;, under finite disjoint unions.

Proposition 6. For all integers h,t > 0, the class C}f’t is minor-closed.

Proof. Take a graph G in Cj', and consider either deletion or contraction of it edge
uwv. Edge uv lies in one of the connected components G’, which in Cp ;, therefore
there is a sequence of legs ((L1, $1), .. (L, s¢)). We now consider following cases:

1. Contraction of edge in (L;, s;): we obtain by contraction (L;/uv, s;) which is
in 7,

2. Deletion of edge in (L;, s;): we obtain two graphs, one of them contains s;,
(L}, s;) in 7,°, and for the second one containing u (without loss of generality)
(L, u) in 7.

3. Contraction of edge s;8;11: we obtain only shorter spine, thus G/s;s;+1 in
Cint—1 S Cply-

4. Deletion of edge s;5;+1: we obtain two components, each is of them is again
of a shorter spine.

5. Vertex deletions are analogous.

The following lemma is a consequence of Roberson [58, Lemma 5.14].

Lemma 12. [t holds hom(Cy', —) & hom(C{, —).

Proof. Follows from a stronger statement about the homomorphism distinguisha-
bility closedness of some classes closed on minors and disjoint unions. Specifically
for C§', this was shown by Roberson [58, Lemma 5.14 as remarked in Section 5.1].

For illustration, we give a concrete separating example in
The following lemma is a consequence of Schindling [59, Theorem 4.13.].

Lemma 13. It holds hom(C{', —) & hom(C§', —).

Proof. The class of unions of caterpillars Cj’ corresponds to the class graphs of
pathwidth at most 1 [55, Section 6]. We apply a stronger statement about the
homomorphism distinguishability closedness of C{’, this was shown recently by
[59, Theorem 4.13.].

Lemma 14. It holds hom(C;, —) = hom(C; 41, —) & hom(T, —) for every t in N.
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Proof. Case t € {0,1} : For a disjoint union of two graphs Fj, F5 it holds
hom(Fy U Fy, G) = hom(F1,G) - hom(Fy, G), e.g. [41l pg. 74]. For any h in N, if
hom(C;', G)[FiuFs] # hom(Cy, H)[FyuFs], then hom(Cy', G)[F1] # hom(Cy', H)[Fi]
or hom(C};, G)[F»] # hom(C}’, H)[Fs]. Therefore, we get hom(C}’, —) = hom(Cy, —).
Finally, we use Lemma [T[2] and Lemma

General case t > 2 : Similarly, the remaining equivalences are due to
[60][Theorem 1.5], stating a general result for all forests closed on (topologi-
cal) minors and disjoint unions.

B.3 Expressivity hierarchy

Corollary 2. There is the following expressivity hierarchy such that for any
integer h = 3:

hom(P, —) hom(Cy,—) Z--- & hom(Cp,—) Z--- & hom(T,—)
If If I I

IR(_7Xtriv) ; IR(_aXdeg) ; ; IR(_7X£?)) ; ; CI’(—),

1

Proof. The second equivalence in the hierarchy is given by Theorem [8] while
the intermediate equivalences follow from Theorem [3] and Theorem [4] The strict
separations follow from Lemma The last equivalence follows from Theorem

C Graph Neural Networks

2 (XF: Xeq)
-5

- (/.3

- (3

(f1.4)

Fig.11: An example graph representation of a protein structure, colored by
(XF, Xdeg)- The shown datapoint is taken from the Proteins dataset [48].

In this section, we further discuss variants of Caterpillar GNN, a practical
architecture built upon the theoretical foundations of graph-level aggregation.
Graphs in real-world datasets such as Proteins [48], ZINC [28], or ESOL [70]
typically come attributed with verter features. An example is given in
Here, we assume that these features are seen as categorical, taken from a finite set
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2. Rather than encoding continuous-valued properties, these features represent
discrete properties such an atom type or molecular class.

The vertex features of a given graph GG, we represent as a coloring function
xr(G,—): V(G) — X. To seamlessly integrate vertex features with our scal-
able aggregation scheme, we introduce a parametrized combined coloring that
incorporates both the vertex features and the refinement coloring;:

XM (Gou) = (xr(Gyu), x5 (G, ), (27)

for every vertex u in V(G) and h in N. The primary motivation for combining
with xp is to prevent the computational graph from begin too downscaled to
accommodate for distinct vertex features. Technically, in the following architec-
ture, we employ vertex-feature matrices Y = Y (G, xr) indexed by (specifically
selected) colored walks ac in X'*!, and feature channels i. Crucially, each entry
Yac, ] only needs to represent i-th channel of the vertex feature ¢ = x (G, u)
for a suitable u in V(G). This is due to the structure to the prefix-successor
relation we explained in Section [3]

C.1 Caterpillar GCN

Let L denote the number of layers in the network. For each layer ¢, where
0 <{¢< L andty =L —¢ we define the following parameters: ¢; in N, the
number of feature channels; W) in R¢*¢¢+1_ 3 learnable weight matrix; Y (9,
vertex feature matrix with channel embeddings for ¢y; o, an activation function,
e.g. ReLU. Recall from Section [3| that S; = S;(G,x) < X* denotes canonical
subsets of colored walks of size at most |V (G)].

We derive a Caterpillar GCN as a sequence of layers transforming feature
matrixes. Specifically, for each layer £, we the features A9 in R5%*°¢ as follows:

RO —y© R+ _ 5 (CARO WO)OY®, p®) = ¢ ) Wb
’ ¢ ’ ’

where [] represents a standard addition or a concatenation. Finally, the resulting
graph-level feature is

h(L,0;G,x) = htF) in R} xer (28)

where 6 is the set of all learnable parameters. For the (-th layer, we used the
ty-th reduced matrix . We specifically set M := A for the reduced
variant CM | where A is the augmented normalized adjacency matrix, see [35],
defined as follows A=D"12ADY2 where A = A+ 2I, and D + 2I. For an
example of such a computational graph, see

Indexing of the reduced variants of graph matrices ensures the correct structure
of aggregation from longer to shorter words, and, ultimately, C{ maps to the space
of dimension Sy = {\}, as shown in Note that if we set X = (xF, Xid)
and operation [] to ignore Y, our architecture becomes nothing else than a
network of GCNConv [35] with global readout.
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Fig. 12: Left: Computational graph (ours) of Caterpillar GCN with h = 1 that

uses ng matrix at /-th layer. This diagram is analogical to Right:
Computational graph (message-passing) of GCN that uses copies of matrix A for

its layers. Weights are represented by line width, and signs by arrow direction.

The input graph is shown in

C.2 Density of Computational Graphs

As defined in the previous subsection, while computational graphs of GCNs are
given by matrix A the computational graphs of Caterpillar GCNs are given by
the reduced variants C{* (see |Figure 4|and IFigure 12[).

Even though the number of nodes of the computational graph may decrease
significantly with height, as shown in and further detailed in Table [7]
this does not necessarily imply a proportional decrease of the number of edges.
To study this phenomenon, we introduce two metrics to quantify the sparsity of
computational graphs.

For any matrix M in R*C we denote the number of its non-zero entries by
nnz(M) := [{(r,c) | M[r,c] #0, rin R, ¢in C}|.
Then the density of M is defined as the ratio of its non-zero entries to the total

number of entries, i.e., nnz(M) - |R x C|~*. Complementarily, the sparsity of M
is defined as 1 — nnz(M) - |[R x C|~L.

Absolute density. We extend density to the computational graph of Caterpillar
GOCN by taking the average of layer densities. Let G be an input graph with a
XY-coloring x, and let L denote the number of layers.

L
1
absolute _density(L, G, x) = Z
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Relative density. By relative density d5, ., we measure the ratio of the number of
edges in the computational graph of Caterpillar GCN to that of (standard) GCN.

L CA)
relative density (L, G, x) Z and

6,z = relative_density (L, G, (xr, (h))) (30)

Note that for the computational graph of GCN, the relative density equals one.
By [Proposition 1] we can state this formally as relative_density(L, G, xia) = 1.0.
Moreover, since nnz(C{*) = nnz(C#) = nnz(C#) + nnz(CY), these metrics
extend naturally to computational graphs of other variants of GNNs.

Densities and dimensions of C{* on real-world datasets. To better understand the
sparsity (density) of computational graphs induced by our model, we empirically
evaluate how the density evolves with increasing height parameter h for fixed L =
5. Specifically, for a fixed sequence length L = 5 and varying height parameter h,
we measure the densities (defined above) of the resulting computational graphs
across TUDataset, MoleculeNet, and ZINC, as summarised in

In our experiments, we observe that the relative density dj 5 is, in most cases,
strictly below 1.0, and can overall be bounded by a small constant, for instance
0n,5 <~ 2.0. This implies that the matrices CA typically contain fewer non-zero
entries than the original adjacency matrix A. On unattributed graphs such
as IMDB-BINARY and COLLAB, the ratio dj 5 tends to be even lower (e.g.,
approximately 0.1 and 0.3, respectively).

On the other hand, the absolute density tends to increase as the height
parameter h decreases. This indicates that the computational graphs become
significantly denser, which is beneficial for execution on hardware accelerators,
provided that the relative density d5 1, does not increase by more than a small con-
stant factor. On typically sparse datasets such as PROTEINS and ENZYMES,
we observed a substantial rise in absolute density (from approximately 20% for
MP to around 50% for Cp), suggesting that such computational graphs may be
more desirably processed using dense tensor operations rather than sparse ones.

C.3 Impacts of Relative Density on Asymptotic Complexity

In this subsection, we discuss the asymptotic time complexity of Caterpillar GNN
(including precomputation) in comparison to some other methods learning on
sequential patterns in graphs. We first focus on relative density d, 1, and later,
we also explain impact of the number of nodes in the computational graph.
When the number of channels d in the GNN is taken as a constant, we give
short overview Section [C:3] Assuming that an input graph G on n vertices is
connected and n > 3, it holds for the maximal degree A that 2 < A <n — 1.
A multiplicative factor in our comparison dj 1, is the average relative density,
as defined in Section For Caterpillar GNNs, it is fixed that L = T. The
best known theoretical bound to our knowledge is the trivial one: &, 1, < n?/|E]|.
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MUTAG PROTEINS ENZYMES IMDB-BINARY COLLAB
ons [ absolute [1,%] | 0ns [{]  absolute [t,%] | dus 4] absolute [1,%] | dus 4] absolute [t,%] | o5 [{]  absolute [t,%]

Co 0.73 + 0.63 44.4 + 105 1.26 + 1.80 53.9 + 204 1.46 + 1.68 48.4 + 26.1 0.01 + 0.00 100.0 + 0.0 0.35 + 0.39 51.4 + 247

Cy 1.23 + 0.82 36.8 + 10.9 1.59 + 1.69 38.2 + 226 1.40 + 0.77 314 + 150 0.11 + 0.10 734 + 163 0.35 + 0.39 51.4 + 247
Cy 0.94 +0.33 27.5 £ 6.9 0.81 +0.24 27.5 £ 239 0.84 + 0.20 20.8 +13.0 0.10 + 0.09 72.0 £17.7 0.30 + 0.29 50.8 + 262
Cs 0.85 + 0.22 244 + 70 0.78 + 0.21 27.0 + 241 0.82 + 017 20.4 + 131 0.10 + 0.09 72.0 £17.7 0.30 + 0.29 50.9 + 26.2
Cy 0.83 + 0.20 23.6 + 7.3 0.78 + 0.21 26.9 + 241 0.82 017 204 +13.1 010 009 720 x177 | 0.30 £020  50.9 + 262
Cs 0.83 +0.19 23.4 + 74 0.78 + 0.21 26.9 + 24.1 0.82 + 0.16 20.4 + 131 0.10 + 0.09 72.0 177 0.30 + 0.29 50.9 + 262
Ce 0.83 + 0.19 234 + 74 0.78 + 0.21 26.9 + 241 0.82 + 0.16 204 +13.1 0.10 + 0.09 72.0 +17.7 0.30 + 0.20 50.9 + 26.2
Cr 0.83 +0.19 234 £ 74 0.78 + 0.21 26.9 + 241 0.82 + 0.16 20.4 +13.1 0.10 + 0.09 72.0 £17.7 0.30 + 0.29 50.9 + 262
Cy 0.83 + 0.19 234 + 74 0.78 + 0.21 26.9 + 241 0.82 + 0.16 20.4 +13.1 0.10 + 0.09 72.0 £17.7 0.30 + 0.29 50.9 + 26.2
Co 0.83 + 0.19 234 £ 74 0.78 + 0.21 26.9 + 241 0.83 £016  20.4 +13.1 010 009 720 x177 | 0.30 £020  50.9 + 262
Cio 0.83 + 0.19 234 + 74 0.78 + 0.21 26.9 + 241 0.83 + 0.16 204 + 131 0.10 + 0.09 72.0 +17.7 0.30 + 0.29 50.9 + 26.2
MP | 1.00 + 0.00 18.9 + a7 1.00 + 0.00 24.4 £ 206 1.00 + 0.00 19.0 + 118 1.00 + 0.00 54.7 £ 234 1.00 + 0.00 51.8 £ 209
type FreeSolv Lipo ESOL BACE ZINC

Sns [4]  absolute [1,%] Sns [4] absolute [1,%] ons [4]  absolute [1,%] | 6ns [4]  absolute [1,%] Sns [4] absolute [1,%]
Co 0.80 + 0.34 51.0 205 1.13 £ 0.39 18.9 £ 6.9 0.88 £ 044  40.3 198 1.09 £ 0.32 141 £ 45 1.33 £ 0.50 23.0 £ 6.1
C 0.80 + 0.34 51.0 + 205 1.13 + 0.39 18.9 + 6.9 0.88 + 0.44 40.3 +19.8 1.09 + 0.32 14.1 + 45 1.29 + 0.47 224 £59
Co 0.77 + 0.27 49.4 + 211 0.93 + 0.7 154 + 5.4 0.81 + 0.28 37.6 + 200 0.97 + 015 11.9 + 33 0.99 + 0.7 16.9 + 3.6
Cy 0.75 + 0.25 48.9 + 215 0.88 +0.12 145 + 52 0.78 + 0.25 36.6 + 204 0.90 + 0.08 11.0 + 3.0 0.91 + 0.10 15.5 + 3.3
Cy 0.75 + 0.25 48.9 + 216 0.87 + 0.11 14.3 + 51 0.78 + 0.24 36.5 + 205 0.89 + 0.07 10.9 + 3.0 0.90 + 0.09 15.3 £33
Cs 0.75 £ 025  48.9 216 0.87 + 0.11 142 £5.1 0.78 £ 024 36.5 +205 0.89 + 0.07 10.9 £ 3.0 0.90 + 0.09 153 £33
Co 0.75 + 0.25 48.9 + 216 0.87 + 0.11 14.2 + 51 0.78 + 0.24 36.5 + 205 0.89 + 0.07 10.9 + 3.0 0.90 + 0.09 15.2 + 33
Cr 0.75 + 0.25 48.9 + 216 0.87 + 0.11 14.2 + 51 0.78 + 0.24 36.5 + 205 0.89 + 0.07 10.8 + 3.0 0.90 + 0.09 15.2 + 33
Cs 0.75 + 0.25 48.9 + 21.6 0.87 + 0.11 14.2 £ 5.1 0.78 + 0.24 36.5 + 205 0.89 + 0.07 10.9 + 3.0 0.90 + 0.09 15.2 + 33
Co 0.75 + 0.25 48.9 + 216 0.87 + 0.11 14.2 + 51 0.78 + 0.24 36.4 + 205 0.89 + 0.07 10.9 + 3.0 0.90 + 0.09 15.2 + 33
Cio | 0.75 025  48.9 216 0.87 + 0.11 142 £5.1 0.78 £ 024 36.4 +205 0.89 + 0.07 10.9 £ 3.0 0.90 + 0.09 152 £33
MP | 1.00 + 0.00 39.0 + 163 1.00 + 0.00 12.8 + 4.3 1.00 + 0.00 28.9 + 14.9 1.00 + 0.00 9.9 + 28 1.00 + 0.00 14.1 + 2.9

Table 3: Density of computational graphs across datasets. By Cj, is denoted the
(caterpillar height) parameter h in N of graph-level aggregation (ours), while MP
denotes the full message-passing GCN. The subcolumns correspond to 5, 1, (lower
is better) and relative density (higher is better once dy, 1, is bounded) for L = 5
layers. We report absolute density in %.

Importantly, on TUDataset, MoleculeNet and ZINC, we see that ;5 is typically
a fraction smaller than 1.0 and overall 0, 5 < 2.0, see Table

Complexity under large width. In the regime where the number of channels d
(i.e., the width) of our GNN is large, the multiplication of learnable parameters
W in R4 with features h(¥) in RIS/*4 (see Section becomes a dominant
contributor to both time and space complexity. Concretely, the cost of one layer
is

O(nnz(C) - d + St 41| - d?), (31)
hence for a network with L layers (¢, = L — t) and sufficiently large d, the term
d?- ZtL:O |S¢| dominates the overall complexity. Hence, the number of nodes in
the computational graph, Zf=0 |St|, appears as a multiplicative factor in the time
and memory complexity and is asymptotically significant with respect to the
width d.

Empirically, on real-world datasets TUDataset, MoleculeNet, and ZINC, we
observe that the number of nodes in the computational graph tends to decrease
as the height parameter h decreases, as illustrated in and detailed
further in Tables [ and

C.4 Towards Modern Architectures and Large Graph-Level Datasets

To broaden our empirical evaluation, this subsection extends our analysis of
computational graphs to more practical settings (Table . In the previous
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Method Pre-comp. Time per layer Worst case Equivariant
MPGNN [Z1] — |E| n? v
CRaWL [63] — n- fa(AT) - T nfe((n—-1)T)T X
NeuralWalker [8] — n- fa(AT) - T nfe((n—1)1)T X
Path NN [46] n-AT  p.AT.T nTHT v
Path-based GNN [22] n-AT n-AT.T nTtiT v
Caterpillar GNN (ours) T - n*3™ |E|- 6u.1 n? v

Table 4: Asymptotic comparison of methods processing sequential patterns of
length T. The function fg gives the number of sampled walks on G = (V, E)
from the given upper bound. Symbol A stands for the maximal degree and dp, 1,

is the relative density on G (see [Equation 30)).

analysis, we fixed as many hyperparameters as possible, such as the number of
layers. Here, in contrast, for structural comparison against a strong message-
passing baseline, we adopt the experimental settings of the recent GCN-based
architecture (GCN') proposed by [43]. Their work demonstrates that, with
careful design and tuning, message-passing backbones can be highly competitive
on graph-level prediction tasks.

Following their setup, we preserve the configuration parameters such as the
number of layers, and the dimensionality of the preprocessed node features,
and we reuse their protocol to ensure a controlled structural comparison where
only the aggregation mechanism differs. To further isolate the impact of lower
expressivity, we intentionally disable positional encodings and edge features for
all architectures, consistently with the GCN™T ablation setting used in Table
6 of Section 5.2 in [43]. Hence, we obtain a clear assessment of how graph-
level aggregation contributes to graph-level performance uninfluenced by other
structural augmentations.

We analyze the computational graphs of the MalNet-Tiny dataset [19], which
contain graphs with up to 5,000 nodes (1,410 on average). In addition, we
also include an analysis of datasets with discrete node features: Peptides-func,
Peptides-func from Open Graph Benchmark [26], and datasets ogbg-code2, ogbg-
molhiv, ogbg-molpcba from Long-Range Graph Benchmark [I6], see Table
These datasets allow us to examine how the structure of proposed inductive
biases behaves under substantially larger graph structures and more diverse data
modalities. We report the preprocessing times of a serial precomputation on the
platform of an Intel Xeon Platinum 8168 @ 2.70 GHz processor (24 cores, 48
threads, 33 MB L3 cache, 64B cache line).

Receipt for equivariant density reduction. Our proposed reduced variants of graph
matrices are fully (permutation) equivariant. In practice, we can therefore further
reduce the value of relative density d,, 1, by, e.g., thresholding small-
magnitude entries of our matrices. This optional step decreases computational
cost while preserving the symmetries inherent to our construction. On the other
hand, during our measurements in Table [] similarly to our previous analysis, we
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MalNet-Tiny Peptides-func Peptides-struct
features: 5 graphs: 5,000 ;9 graphs: 15,535 features: 9 graphs: 15,535
avg. |V[: 1410.3  avg. |E|: 2859.9 avg. 50.9 avg. |E|: 307.3 avg. |V|: 150.9  avg. |E|: 307.3
layers: L =8 (GCNT) layers: L =3 (GCN™) layers: L =5 (GCNT)

edge density nodal efficiency | precomp. edge density nodal efficiency | precomp. edge density nodal efficiency | precomp.
type  Opgll  abs.[t, %] | #n.Q4 Yes.[t] | time[4] Opaldl  abs.[r, %) | #ny %sit] time [4] Opsldl abs it %) | #nl %sit] time [J]
Co 30.52 24.7 5971.2 53.0 6.97h 1.634 15.4 233.7 614 8.2min 2.116 124 471.5  48.0 13.1min
C 2.002 77 6757.5  46.8 7.85h 1.634 15.4 233.7 61.4 9.9min | 2.116 12.4 471.5 480 15.0min
Cy 1.500 6.4 7436.9 414 9.63h 1.418 8.7 2923 517 17.0min | 1.708 74 542.2  40.2 22.0min
Cs 1.516 6.3 7900.7  37.8 10.39h  1.416 5.9 366.1  39.5 24.4min | 1.533 5.3 629.0 30.6 34.3min
Cy 1.519 6.3 79539  37.3 11.32h  1.344 4.5 429.3  29.0 36.5min | 1.412 4.2 698.9 22,9 45.4min
Cs 1.519 6.3 7959.8  37.3 10.93h  1.350 3.9 4783 20.9 50.9min | 1.393 3.8 754.0 16.8 58.4min
Ce 1.519 6.3 7960.7  37.3 10.94h 1372 3.6 5159 14.7 54.4min | 1.398 3.5 7971 121 1.15h
MP  1.000 0.8 12693.8 0.0 - 1.000 2.1 604.8 0.0 - 1.000 21 906.6 0.0 -

ogbg-code2 ogbg-molhiv ogbg-molpcba
features: 2 graphs: 452,741 features: 9 graphs: 41,127 features: 9 graphs: 437,929
avg. |V]: 121.6  avg. |E|: 333.9 avg. |V|: 255  avg. |E|: 54.9 avg. |V]: 26.0 avg. |E|: 56.2
layers: L =4 (GCN*) layers: L =4 (GCN*) layers: L = 10 (GCN*)

edge density nodal efficiency | precomp. edge density nodal efficiency | precomp. edge density nodal efficiency | precomp.
type | Opal] abs.t, %] | #n.d]  %s.[t] time [4] Opaldl  abs.[t, %] | #n %s.t] time [4] OSpaold]l  abs. [t %] | #nd %s.t] time [4]
Co 1.638 9.4 4452 26.9 10.21h | 1.467  28.7 84.2 34.5 10.7min  1.758 22.0 2353 17.9 4.46h
C 1.476 8.3 454.8 253 12.09h 1.467 28.7 84.2 34.5 11.4min  1.758 22.0 235.3 179 4.57h
Cy 1.318 6.9 486.6  20.1 16.14h | 1.223 21.1 92.6 27.9 16.1min  1.365 16.2 245.0 145 6.32h
Cy 1.274 6.1 526.0 13.6 22.11h 1.188 18.7 98.9 23.1 20.4min  1.291 14.7 2519 121 7.97h
Cy 1.293 5.7 571.7 6.1 56.26h | 1.190 18.1 1017 20.9 22.5min  1.283 14.4 254.5 11.2 8.78h
Cs 1.299 5.6 589.0 3.3 61.11h 1.192 18.0 102.8  20.0 24.3min  1.282 14.4 255.3 109 9.10h
Co 1.300 5.6 595.5 2.2 64.88h | 1.194 17.9 103.4  19.6 49.9min  1.282 14.4 255.6  10.9 8.66h
MP | 1.000 4.3 608.9 0.0 - 1.000 9.8 128.6 0.0 - 1.000 8.8 286.7 0.0 -

Table 5: Density and nodal efficiency of computational graphs across large datasets.
By Cj, is denoted the (caterpillar height) parameter h in N of graph-level ag-
gregation (ours), while MP denotes the full message-passing GCN* [43]. The
subcolumns correspond to dy, ;, (lower is better) and relative density (higher
is better once 4y, 1, is bounded) for L = 5 layers. We report absolute density
in %. Columns “#n.” denote number of nodes of the computation graph, and
columns “%s.” percent of nodes of the computation graph saved comparing to
message-passing (MP).

observe that the relative density dj, 1, of the computational graphs is a very small
constant. The only exception we found was in the case of d;, g for the MalNet-Tiny
and the height h = 0, for which we took special attention to eliminate possible
hardware errors.

D Experiments

D.1 Scenario I: Reducing a Bottleneck

Prior to any processing of a graph (V, E'), the neighborhood topology 7(F) on
V specifies which vertices are considered close, namely those in neighborhoods.
We instead consider an alternative incidence topology 7(x) on V, induced by a
coloring x: two vertices are considered close if they are incident or adjacent to
a common colored walk of length 7'. Since a colored walk may have multiple
occurrences, this captures relationships beyond direct neighbors. We use 7(x)
as a model to study different inductive biases in graph learning, grounded in
lower-order concepts such as colored walks as shown by Theorem

We illustrate this with our NSTEPADDITION benchmark. Given two integers
of at most T bits, take a graph with two occurrences of a colored walk a; - - - ar.
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Fig.13: NSTEPADDITION: Trading off expressivity for a suitably structured
task-aligned inductive bias. C; denotes a model of Caterpillar GNN with
height h (ours), while MP refers to a model of MPGNN. The y-axis shows
validation accuracy.

We associate each number with one occurrence as follows: encode the i-th bit
of the integer in a vertex adjacent to a; - - - a;. This yields a graph embedding
of two T-bit integers, and the classification task is whether their sum equals a
target integer N. Under the incidence topology 7(x) corresponding bit positions
are naturally close, while standard topology 7(F) may obscure such alignments.
Therefore, we evaluated Caterpillar GNN on NSTEPADDITION with increasing
height h, and compared to MPGNN. The results are presented in with
more detailed information in Appendix

Importance of topology. The extremal results for C; and MP, see high-
light a clear difference between the two models. In MPGNN, information propa-
gates according to 7(F). A hypothesis arises that Caterpillar GNN propagates
information according to topology 7(x). We validate empirically on NSTEPADDI-
TION that model Cy, as well as topology T(xdeg), aligns bit positions for effective
digit-by-digit addition, while MP within 7(E) effectively promotes learning values
separately for each input pair, resulting in almost missing generalization. We
detail the observed behavior in ?7.

Paradozically reversed descent. We observed a double descent, which we attribute
to training oscillation between two regimes: digit-by-digit processing, and a higher-
level aggregation, producing the high-variance performance dip. As we scale our
models (cf. Section Section , incidence topology scales analogically from
T(Xtriv) up to 7(xia) = 7(E). Unlike rewiring strategies, e.g., [64], changing edges
E’ to operate in 7(E’), our approach restructures the computational graph into
a less expressive one (Section . Finally, given the systematically decreasing
performance of models Cig up to MP, a bottleneck of information alignment
of 7(E) is revealed by the topology T(xdeg) that qualitatively differs from, e.g.,
oversquashing [2].

D.2 Scenario II: Nodal Efficiency

We evaluate GNNs (Figure 15)) on TUDataset [48] with respect to nodal efficiency,
i.e. the average number of nodes of the computational graph (Figure 4)). We fixed
the number of layers for models to ensure a relative comparison. To this end,
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hyperparameters are per-dataset, so that the behavior can be attributed solely to
the height parameter. In our experiments , every real-world dataset
exhibits a unique behavior under increasing height. This suggests that every
type of data may contain patterns organized in varying topologies resulting in
distinct preferences for inductive biases. Effectively, the height parameter shapes
the model performance and nodal efficiency. Choosing an appropriate height may
improve both accuracy and nodal efficiency .

Alongside nodal efficiency, we analyze the density of the induced computational
graphs, both relative to MP and as the fraction of nonzeros in the reduced matrices
(Section . Empirically, for five layers, the reduced matrices have a similar or
smaller number of nonzero entries than MP, depending on the height h .
However, lower height can increase absolute density: for example, MalNet-Tiny
rises from 0.8% under MP to 24.7% under GLA, ogbg-molpcba from 8.8% to
22.0%, and Peptides-func from 2.1% to 15.4% (Table 5|). Thus, sparse input
graphs often yield smaller but denser representations, which can be favorable for
dense linear-algebra kernels.

D.3 Incidence Topology

Although our discussion of topology mainly serves heuristic and interpretative
purposes, we provide formal definitions of the relevant notions in Section

Topology. Let V be a set and 7 < 2" be a family of subsets of V. Then 7 is a
topology on V if the following three conditions hold:

(T1) Set V in 7, and empty set & in 7.
(T2) The family 7 is closed on all unions of its sets.
(T3) The family 7 is closed on finite intersections of its sets.

A subfamily B < 7 is a subbase for T if 7 is the intersection of all topologies on
V' containing B. We say that B generates 7.

For a graph G = (V, E) on V, the neighborhood topology 7(E) is generated
by the following family of sets for every v in V' and r in N such that r > 0:

By(v) = {u|uinV, (I + A)[u,v] # 0},

where A is the adjacency and I is the (self-loop) identity matrix of shape V' x V
for G.

Let x be a XY-coloring on G and let T' be the maximum length of colored
walks. Then we denote the following family of sets for every a in X<7

B(a,T)={u|uinV, (I + A)Wu,a] # 0}. (32)

where we recall the walk-incidence matrix W of shape V x X* defined in
Section B.11

We call the topology generated by the subbase B = {B(a,T) | a in X<T} the
incidence topology 7(x) on V. We state the following proposition to highlight the
similarity with Observation [2] and Proposition
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(a) (b)

Fig. 14: NSTEPADDITION: An example of a graph G (a). The graph G encodes two
5-bit numbers (b), namely 11 (top) and 22 (bottom). If N = 33 for a classification
dataset then G is a positive example, as 11 + 22 = 33.

Proposition 7. Let G = (V,E) be a graph G without isolated vertices, and
T > 0 Then the topology T(Xtriv) s trivial, and the topology T(xia) = T(E).

Proof. Let us denote the colored walk of a single color of length ¢ by z; (as in
Observation . Since every node w in V' has at least one neighbor, it is adjacent
to colored walk zo; and incident to colored walk zo; 1. That is, (AW )[u, zo] # 0
and (IW)[u, zor4+1] # 0 and thus 7(xtriv) contains only. Therefore, the subbase
is of B(z¢,T) =V, and thus 7(xtiv) = {J, V}.

For the second part, we recall that yiq is a V-coloring. For v in V' we take
any colored walk av, and we get (I + A)W{u,av] = (I + A)[u,v]. Finally, every
ball B,(v) in 7(E) is (already) generated by the union of some 1-balls of the
form By (v) = B(av,T) ={u|uwin V, (I + A)[u,v] # 0}.

D.4 Generation of NSTEPADDITION Dataset

We construct the dataset for a binary classification task, where each graph encodes
two integers represented in binary. For an example of a graph G encoding two
integers 11 and 22 in the 5-bit binary case, see To construct a graph
of our dataset of a target sum N = 28~1, we randomly generate two integers z;
and y in the range [0,27 — 1], such that 2; + x5 = N. With 0.5 probability,
we add offset to one of the numbers in the range of [0, %N ] to deviate from the
target sum N by not more than 66.7%. Accordingly, we assign the class of the
graph to be 1 if z; + x5 = N, and 0 otherwise. We do not use node any features,
so the classification relies solely on graph structure. Samples: 6,000 graphs with
integers generated using B = 15 bits. The dataset we provide is balanced with
respect to the class labels.

D.5 Implementation Details

We use the PyTorch Geometric library [54] to implement our models. As it
might be considered common, we precomputed the normalization of the (sparse)
adjacency matrix for the GCNConv layer, to later use it in the forward pass with the



epochs = 10 epochs = 50
mean =+ std #n. %s. ‘ mean =+ std #n. %s.

Co 0.590 £ 0.068 18.0  98.7 | 0.601 + 0.124 18.0  98.7
C 0.929 £ 0.013 1011.7 25.1 | 0.971 £+ 0.010 1011.7 25.1
Cy 0.688 £ 0.046  1116.4 17.3 | 0.869 + 0.061  1116.4 17.3
Cs 0.637 £ 0.084  1189.9 11.9 | 0.884 4+ 0.056  1189.9 11.9
Cy 0.807 £ 0.053  1242.6 8.0 0.897 £ 0.029  1242.6 8.0
Cs 0.839 £ 0.016  1275.5 5.6 0.887 £ 0.027  1275.5 5.6
Cs 0.584 £+ 0.045 12994 3.8 0.645 + 0.023 12994 3.8
Cio 0.568 £ 0.025  1299.8 3.8 0.633 £ 0.014  1299.8 3.8
Ci2 0.569 £ 0.021  1299.9 3.7 0.626 £ 0.022  1299.9 3.7
Cia 0.562 £ 0.016 12999 3.7 0.625 £ 0.013  1299.9 3.7
Cis 0.563 + 0.024  1299.9 3.7 0.634 £ 0.021  1299.9 3.7
Cig 0.563 £ 0.024  1299.9 3.7 0.634 £ 0.021  1299.9 3.7
MP 0.524 +£ 0.011  1350.5 0.0 0.629 £ 0.102  1350.5 0.0

Table 6: Results for the NSTEPADDITION dataset. By Cj, is denoted the (caterpillar
height) parameter h in N of graph-level aggregation (ours), while MP denotes the
full message-passing GCN. We report mean validation accuracy with standard
deviation of different 10 splits. The model of 18 layers was trained for 10 and
50 epochs. The best results are highlighted in bold. The columns “#n.” denotes
number of nodes of the computation graph, and columns “%s.” percent of nodes
of the computation graph saved comparing to message-passing (MP).

option norm=False, and adding the normalized weights to the message-passing
instead. For the cases where Caterpillar GCN is not identical to message passing,
we added an efficient (sparse) version of the adjacency matrix C’t"}, specialized for
every layer ¢, in a way similar to the normalization of the adjacency matrix. We
preprocessed datasets in a unified fashion for message-passing and Caterpillar
GCN (CO up to C10)~

We trained our models on the NSTEPADDITION dataset described above
using deeper architectures (18 layers), with small hidden dimensions (width=8),
batch size of 64, and moderate regularization settings (final dropout 0.3, weight
decay 107°). Training was performed for 10 [Figure 13L and 50 epochs using
10-fold cross-validation. Complete results are reported in [Table 6] We deliberately
adopted a minimal configuration in order to cleanly isolate the topological effect of
computational graph scaling behind our approach. We remark that the definition
of incidence topology in general supports richer benchmarks. The ongoing work
may extend these experiments to include multiple occurrences (multiple graph
branches to sum over multiple numbers) and vertex labels (for larger number
systems than binary), e.g. in line with the experimental contributions of [2].

D.6 Experimental Setting on Real-World Datasets

We performed empirical experiments across multiple standard graph datasets,
categorized by their evaluation metrics. Accuracy-based evaluation was used for
bioinformatics and social network datasets, including the TUDataset [48] bench-
marks such as ENZYMES, MUTAG, PROTEINS, COLLAB, and IMDB-BINARY
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Fig. 15: Computational nodes vs. accuracy. Solid segments connect models of
Caterpillar GNN, with height h = 0 (Cy, circle) up to h = 10 (Cyy, circle), the
last dashed is to MPGNN (square).

(see[Table 7). We report running times for both preprocessing and training (see
|@?I’Eaining code, along with exact hyperparameter configurations for
reproducibility, is available in the supplementary material.

For each dataset, we trained graph convolutional networks (GCNs) with
variants of our proposed model Caterpillar GCN. To compare the number of
saved nodes consistently, for all experiments, we fized the number of layers to five
(L = 5), gradient clipping to 1.0, and based on the validation set performance,
we employed early stopping with a fixed patience parameter of 20 to prevent
overfitting. We conducted extensive k-fold cross-validation (typically 10 folds),
ensuring robust performance evaluation. For ZINC dataset, we always used
5 random seed initializations for the public splits. Models were trained with
standard settings, using the Adam optimizer [34], moderate learning rate, and
weight decay to balance training stability and convergence speed. Complete
hyperparameter details are provided in the supplementary material. Experiments
were repeated using fixed random seeds to ensure reproducibility. All models
were trained using an Intel Xeon E5-2690 @ 2.90 GHz processor (16 cores, 32
threads, 20 MB L3 cache, 64 B cache line) equipped with 64 GB of RAM.
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type MUTAG PROTEINS ENZYMES IMDB-BINARY COLLAB
N mean + std #n. %s. | mean £ std #n. Ybs. | mean & std #n. Yhs. | mean & std #n. %s. | mean £ std #n. Ys.
Co 0.851 £ 0.091  23.7 674 | 0.649 £ 0.127 28.0 82.2 | 0.288 + 0.030 306 76.6 | 0.740 £ 0.029 5.0 938 | 0.647 £0.035 114.7 61.6
Cy 0.856 £ 0.082 384 47.2 | 0.774 £ 0.034 974 381 | 0.317 £ 0.035 88.2 327 | 0.699 £0.036 19.6 0.647 £0.035 114.7 61.6
Ca 0.899 + 0.050 47.7 344 | 0.747 £ 0.045 127.3  19.0 | 0.333 £ 0.042 108.6 17.1 | 0.705 £ 0.037  20.4 0.652 £ 0.042  130.1 56.5
Cs 0.846 £ 0.093  55.0 24.4 | 0.739 £ 0.046 138.2 121 | 0.360 £ 0.042 114.7 125 | 0.697 £0.043 20.5 74.5 | 0.649 + 0.032 1304 56.4
Cy 0.835 £ 0.103 584 19.7 | 0.738 £ 0.045 140.6  10.6 | 0.373 £ 0.045 116.0 11.5 | 0.697 £0.043 20.5 74.5 | 0.649 + 0.037 130.4  56.4
Cs 0.861 + 0.098  59.6 18.1 | 0.751 £ 0.045 141.5  10.0 | 0.373 £ 0.042 116.5 11.0 | 0.697 £0.043 20.5 74.5| 0.651 & 0.035 130.4  56.4
Cs 0.862 + 0.071 60.1 174 | 0.739 £ 0.052 1420 9.7 0.363 + 0.015 116.9 10.8 | 0.697 £0.043 20.5 74.5| 0.651 & 0.035 130.4  56.4
Cr 0.862 + 0.083  60.3 17.1 0.751 £ 0.047 1422 9.5 0.377 + 0.033 117.1 10.6 | 0.697 + 0.043  20.5 74.5 | 0.651 £ 0.035 130.4  56.4
[ 0.851 + 0.076  60.3 17.0 | 0.748 £ 0.052 142.3 9.5 | 0.398 4+ 0.037 117.2 10.5 | 0.697 + 0.043  20.5 74.5 | 0.651 £ 0.035 130.4  56.4
Cy 0.862 + 0.076 ~ 60.4 17.0 | 0.740 =+ 0.047 1424 94 0.368 + 0.026 117.4 104 | 0.697 £ 0.043 20.5 74.5 | 0.651 + 0.035 130.4  56.4
Cio 0.856 + 0.087 60.4 17.0 0.745 £ 0.047 1425 9.4 0.390 + 0.043 1174 104 0.697 + 0.043 20.5 745 0.651 £ 0.035 130.4  56.4
MP 0.776 + 0.100 727 0.0 0.742 £ 0.033 1572 0.0 0.377 4+ 0.037 131.0 0.0 0.640 4+ 0.053  80.1 0.0 | 0.687 + 0.043 299.0 0.0

Table 7: Results for graph-level classification datasets. By Cj is denoted the

(caterpillar height) parameter h in N of graph-level aggregation (ours), while
MP denotes the full message-passing GCN. We report mean validation accuracy
with standard deviation of different 10 splits. Columns “#n.” denote number
of nodes of the computation graph, and columns “%s.” percent of nodes of the
computation graph saved comparing to message-passing (MP).

MUTAG ROTEINS ENZYMES IMDB-BINARY COLLAB
features: 7 graphs: 188 o graphs: 1113 | features: 3 graphs: 600 features: 0 graphs: 1000 | features: 0 graphs: 5000

avg. V[ 17.9  ave. |EJ: 39.6 avg. |E|: 145.6 | avg. |V]: 326 avg. |[E|: 1243 | ave. [V]: 198 avg |E|: 193.1 | avg. |V|: 745  avg. |[E|: 4914.4

parameters: 15.0k parameters: 14.4k parameters: 49.6k parameters: 66.3k
type | precomp. avg. training |  precomp. avg. training | precomp. avg. training | precomp. avg. training | precomp. avg. training
Co 2.985 42.5: 13.21s 2.90 min 5.99s 1.17 min 7.645 1.80 min 1.82min 11.40 min
C 6.87s 3 1.52min 3 48335 55.14s 1.21min 1.81 min 100.51 min 11.70 min
[ 10.83s 4 1.36 min 59.12s 1.64min 2.04 min 155.25 min 12.08 min
Cy 15.19s 4 1.75 min 1.07 min 1.66 min 2.07 min 198.42 min 14.59 min
Cy 18.855 4 A0 min . 1.96 min 1.07 min 1.81 min 2.07 min 220.47 min 11.88 min
Cs 20.825 1 4.75 min 2.48 min 2.09 min 1.05 min 1.66 min 2.11 min 220.70 min 13.01 min
Cg 22235 4 4.96 min 2.44min 2.14min 1.18 min 1.65 min 2.06 min 220.22 min 12.54min
MP 3 2.49 min 1.08 min 1.59 min 27.78 min

Table 8: Running times across datasets. By Cj, is denoted the (caterpillar height)
parameter h in N of graph-level aggregation (ours), while MP denotes the full
message-passing GCN. Columns “precomp" report the preprocessing time for the
computation of graph-level aggregation matrices, and columns “avg. training"
report the average training time accross multiple runs.

by FreeSolv Lipo ESOL ZINC

ype mean =+ std #n.  %s. ‘ mean + std #n. %s. ‘ mean + std #n.  %s. ‘ mean + std #n.  %s.
Co 2.693 £ 0.223 243 325 | 1.116 + 0.108 773 291 1.664 £ 0.106  35.8 34.0 | 0.570 £0.012 65.7 29.8
Ci 2,693 +£0.223 243 32,5 | 1.116 &+ 0.108 773 29.1 | 1.664 £0.106 358 34.0 | 0.571 £ 0.006 65.7 29.8
Cy 2.704 £ 0.237  26.5 26.5 | 1.069 & 0.043 87.0 203 | 1.666 £ 0.212 40.1 26.0 | 0.584 £0.007 75.9 18.9
Cs 2.576 + 0.283 27.5 23.7 1.105 £ 0.098 93.7 141 1.516 £ 0.100  42.6 21.4 | 0.602 £ 0.003 82.5 11.9
Cy 2.630 + 0.350 27.8 228 1.051 £ 0.079 95.8 123 1.410 £ 0.152 434 20.0 | 0.570 £0.012 84.6 9.6
Cs 2.597 + 0.178 279 22.6 1.097 £ 0.067 96.3 11.8 1.458 £0.102  43.6 19.6 | 0.551 £0.012 85.1 9.1
Ce 2.650 + 0.266 279 22.6 | 1.070 = 0.077 96.5 11.6 | 1.528 £0.207 43.6 19.5| 0.546 £0.013 85.2 9.0
Cr 2.719 + 0.206 279 226 1.072 £ 0.111 96.5 11.6 1.446 £+ 0.101 43.7 194 | 0.539 £0.012 852 9.0
Cs 2.676 + 0.196 279 226 1.108 £+ 0.104 96.5 11.6 | 1.392 + 0.129 43.7 194 | 0.543 £0.006 852 9.0
Cy 2.652 + 0.284 27.9 226 1.094 £ 0.069 96.5 11.6 1.416 £ 0.148  43.7 19.4 | 0.538 £ 0.003 852 9.0
Cio 2.675 + 0.276 279 226 1.063 £+ 0.091 96.5 11.6 1.514 £ 0.142  43.7 19.4 | 0.528 £0.004 85.2 9.0
MP | 2.550 + 0.374 36.0 0.0 | 1.031 = 0.059 109.2 0.0 1.449 £ 0.140 54.2 0.0 | 0.477 £ 0.020 93.6 0.0

Table 9: Results for graph-level regression datasets. By Cj, is denoted the (caterpil-
lar height) parameter h in N of graph-level aggregation (ours), while MP denotes
the full message-passing GCN. We report validation mean absolute error (MAE)
with standard deviation of different 10 splits and random seeds, in the case of
ZINC of distinct 5 random seed repetitions. Columns “#n.” denote number of
nodes of the computation graph, and columns “%s.” percent of nodes of the
computation graph saved comparing to message-passing (MP).
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